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Abstract

In this study, the non-iteration dimensional-split semi-Lagrangian (NDSL) advection
scheme is applied to the National Centers for Environmental Prediction (NCEP) re-
gional spectral model (RSM) to alleviate the Gibbs phenomenon. The Gibbs phe-
nomenon is a problem wherein negative values of positive-definite quantities (e.g.,5

moisture and tracers) are generated by the spectral space transformation in a spec-
tral model system. To solve this problem, the spectral prognostic specific humidity and
radioactive tracer advection scheme is replaced by the NDSL advection scheme, which
considers advection of tracers in a grid system without spectral space transformations.
A regional version of the NDSL is developed in this study and is applied to the RSM.10

Idealized experiments show that the regional version of the NDSL is successful. The
model runs for an actual case study suggest that the NDSL can successfully advect
radioactive tracers (iodine-131 and cesium-137) without noise from the Gibbs phe-
nomenon. The NDSL can also remove negative specific humidity values produced in
spectral calculations without losing detailed features.15

1 Introduction

The spectral method is a numerical method applied to primitive meteorological equa-
tions to achieve high-order accuracy (Robert, 1966). The spectral method has advan-
tages over the finite difference method: the absence of truncation error in linear terms,
the absence of aliasing and phase errors, the absence of pole problems in global20

models, and the efficient use and simple programming of semi-implicit time integration
(Bourke, 1974). Applying the spectral method in a regional model can be difficult due to
time-dependent lateral boundary conditions. However, several approaches for solving
this problem have been successful (e.g., Tatsumi, 1986; Fulton and Schubert, 1987;
Hoyer, 1987; Segami et al., 1989; Chen and Kuo, 1992). Juang and Kanamitsu (1994)25

presented the National Centers for Environmental Prediction (NCEP) regional spectral
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model (RSM), which uses spectral representations and the perturbation method. The
RSM has been widely used for regional downscaling research (e.g., Kang and Hong,
2008; Kanamitsu et al., 2010; Chang and Hong, 2011; Li et al., 2012).

Although the RSM has advantages, it also has a problem common in spectral model
systems: the Gibbs phenomenon. This phenomenon is “overshooting” in the conver-5

gence of the partial sums of particular Fourier series in the neighborhood of a discon-
tinuity of the function being expanded. In the case of spectral techniques, the Gibbs
phenomenon can introduce negative values in positive-definite variables (i.e., hydrom-
eteors and tracers). Yoshimura (2011) presented a tracer simulation for the Fukushima
Dai-ichi nuclear power plant accident during the massive earthquakes and tsunami10

on 11 March 2011 in eastern Japan by utilizing the stable isotope mode of the RSM
(IsoRSM; Yoshimura et al., 2010). General features, e.g., the tracers from Fukushima
reached the metropolitan area and significant amounts of tracers were precipitated,
are well captured in this simulation. However, these simulations also clearly show that
computational noise is produced by the Gibbs phenomenon near the emission point.15

This problem is quite severe in this simulation because radioactive materials are emit-
ted from a single grid-point source at the surface level, which creates a significant
discontinuity in the wave space transformation. Thus, an advection method that does
not require a spectral transformation for tracers is needed to resolve the Gibbs phe-
nomenon.20

The semi-Lagrangian method is an alternative advection scheme that can re-
place the spectral calculation of hydrometeors and tracers. Semi-Lagrangian advec-
tion schemes have long been preferred in numerical weather prediction because they
are more accurate and efficient than traditional Eulerian schemes when large time
steps are considered (Williamson, 2007). Juang (2007, 2008) proposed a non-iteration25

dimensional-split semi-Lagrangian (NDSL) scheme, which is simple and economical
compared with the conventional semi-Lagrangian method. Although the NDSL scheme
has not yet been applied to the regional spectral model, some versions of the NDSL
have been added to the global spectral model system, e.g., NCEP Global Forecast Sys-
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tem (GFS; Moorthi et al., 2001), the Global/Regional Integrated Model System (GRIMs;
Hong et al., 2013), and the Global Model Program (GMP).

The objective of this study is to remove the Gibbs phenomenon for hydrometeors and
tracers in the regional spectral model by replacing the spectral tracer advection scheme
with the semi-Lagrangian advection scheme in a real simulation. Detailed features of5

the semi-Lagrangian version of the regional spectral model and the experimental de-
sign are described in Sect. 2. Section 3 provides results from the original IsoRSM and
the semi-Lagrangian version of IsoRSM for radioactive tracers and humidity fields in
the Fukushima nuclear power plant accident case study. A summary and conclusion
are provided in Sect. 4.10

2 Method

2.1 Regional spectral model for radioactive tracers

Yoshimura et al. (2010) presented the IsoRSM, which includes the isotopic species for
water vapor (HDO and H2

18O) as tracers in the latest version of the Scripps Experi-
mental Climate Prediction Center’s regional spectral model (Kanamitsu et al., 2005). In15

the IsoRSM, the tracers can be incorporated into raindrops or cloud particles at every
integration time step. Therefore, the interactions between the tracers and precipitation
processes can be considered. In contrast, a general chemical transport model uses
precipitation as an external forcing. Yoshimura (2011) and Saya et al. (2013) modi-
fied IsoRSM to enable the simulation of the transport of radioactive tracers. Isotopic20

variables were replaced with radioactive tracers (i.e., 131I and 137Cs), and dry and wet
deposition processes caused by gravity and precipitation processes, respectively, were
introduced. Saya et al. (2013) proposed a wet deposition process wherein the deposi-
tion is proportional to the ratio of the amount of condensed water to the total amount
of water, whereas a traditional method (e.g., Maryon, 1991) considers only the amount25
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of condensed water. In this study, the radioactive tracer mode of IsoRSM is used as an
original framework.

2.2 NDSL scheme for RSM

In this study, the NDSL advection scheme replaces the spectral prognostic calculation
of the tracers in the RSM. Once each tracer field is provided from the initial field on the5

regular grid space, the advection of these fields is calculated by the NDSL on the grid
space without any spectral transformation during the model integration. This process
prevents the Gibbs phenomenon. The NDSL has two characteristics: (1) non-iteration
to find the departure and arrival points of each tracer; and (2) a dimensional-splitting
method. Figure 1 shows the basic concept of two-dimensional advection for both the10

traditional semi-Lagrangian scheme and the NDSL scheme (from Juang, 2008). The
traditional backward (forward) semi-Lagrangian scheme assumes that the arrival (de-
parture) points are located on the regular model grid (Fig. 1a). In this case, an initial
guess and iteration are required to find the mid-point winds and to transfer tracers from
the departure point to the arrival point. These iterations make the semi-Lagrangian15

scheme expensive and inefficient. The NDSL scheme is a central scheme, which as-
sumes a mid-point wind at the regular model grid point at time t to find the departure
point at time t−∆t and the arrival point at time t+∆t (Fig. 1b, also see Fig. 1 of Zhang
and Juang, 2012). No initial guess or iteration is needed to find trajectories. Only one
interpolation at the departure point and one remapping at the arrival point are needed;20

thus, the scheme is computationally efficient. The wind in the central scheme can re-
duce numerical error better than the upstream scheme because no estimation or iter-
ation occurs. During the advection process, the quantity of the tracer is assumed to
be steady. The NDSL uses the dimensional-splitting method for 2-D advection, which
simply splits the 2-D advection into a sequence of 1-D advections. Because it only25

needs 1-D interpolation and remapping, the method easily attains mass conservation.
Another important advantage is that the 1-D method can be easily coded; thus, it is
compatible with most numerical models.
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For the implementation of the regional version of the NDSL in a real-data case, the
boundary treatment must be considered. The global NDSL uses a cyclic boundary con-
dition, which places a duplicated global domain at the western and eastern boundaries.
This allows for the arrival or departure point to be located, even when it lies outside of
the model domain. However, cyclic boundary conditions are not suitable for regional5

domains because the domain edge points differ in both longitude and latitude. Thus,
the domain is treated as three sections: the boundary zone, the buffer zone, and inner
domains. Figure 1 shows the structure of these sections in the lower-left corner of the
model domain as an example; it assumes that the boundary and buffer zones are de-
fined as three grid points each. The boundary zone (dark gray in Fig. 2a) is the area10

where the semi-Lagrangian advection calculation is not applied and where the values
of the global base field are specified. This area is necessary to prevent the calculated
departure point of tracers located outside of the model domain. The values in the inner
domain are calculated entirely from the regional model. In the buffer zone (light gray
in Fig. 2a), the global base field and the regional model field are combined, with the15

weighting determined by an inverse exponential function (Eq. 1 and Fig. 2b), to smooth
the gap between the boundary zone and the inner domain.

WG = 1
ek

WR = 1−WG
(1)

Here, WG is the weighting for the global base field, WR is the weighting for the regional
model field, and k is the grid point of the buffer zone toward the inner domain. WG20

is defined according to Eq. (1) in the buffer zone but is specified as 1 and 0 in the
boundary zone and the inner domain, respectively. Finally, the result over the model
domain is defined by Eq. (2):

F =WGFG +WRFR (2)

where F is the final result of a particular tracer, FG is the global base field, and FR is25

the field calculated by the regional model.
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3 Idealized experiment

An idealized experiment is performed to examine the feasibility of the regional version
of the NDSL advection scheme. A horizontal advection scheme is examined in the 2-D
domain, which has 400 east–west grid points and 400 north–south grid points, with
a 10 km resolution. A uniform wind field of 10 ms−1 in both the x and y directions is5

used for horizontal advection. The integration time interval (∆t) is set to 10 s. Figure 3a
shows the result of this horizontal advection every 1000 time steps. An ideal pertur-
bation is imposed at the initial step, and the shape of the perturbation is maintained
during the integration up to the 3000th time step. The transported disturbance by the
NDSL scheme at the 3000th time step is compared to the analytic solution (Fig. 3b);10

these two results are nearly identical. The shaded values in Fig. 3b indicate differences
between the analytic solution and the result calculated from the NDSL. The differences
are less than 1 % of the maximum disturbance. The ratio of the mass change due to
the NDSL to the initial mass (Eq. 3) is verified to confirm that the NDSL satisfies mass
conservation.15

Rmass =
(total mass)− (initial total mass)

(initial total mass)
(3)

Rmass ≈ 10−15 up to the 3000th time step, which shows that the NDSL scheme satisfies
mass conservation during the integration.

The idealized vertical advection experiment is performed in one dimension. The ver-
tical dimension is the sigma coordinate, which has 100 layers from 1 (bottom) to 0 (top)20

with equal spacing (0.01). A uniform vertical velocity of 10−4 sigmas−1 is prescribed.
The integration time interval (∆t) is 100 s. Figure 4 shows that the virtual concentration
at the initial time is conserved during the transport process. The mass conservation
ratio for vertical advection is Rmass ≈ 10−15.

The idealized experiments in the horizontal and vertical directions verify that the25

regional version of the NDSL scheme can accurately calculate the advection of these
specific perturbations in the horizontal and vertical directions while conserving mass.
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4 Real-case experiments

4.1 Experiment design

For the Fukushima case study, two experiments are performed. The first is the ORG
run, which is identical to the control experiment of Saya et al. (2013), wherein tracer
fields are calculated in the spectral space, as is performed in the original IsoRSM. The5

second is the SL run, wherein the specific humidity and radioactive material (131I and
137Cs) tracer fields are calculated by the NDSL scheme. All configurations except the
advection method for tracers are identical in the two experiments. Figure 5 shows the
experimental domain for the case study, with horizontal grid spacing of 10 km. The
number of grid points is 161 (east–west) by 200 (north–south). The number of vertical10

layers is 28 in terrain-following sigma coordinates; the lowest and highest sigma lev-
els are 0.995 and 0.002, respectively. The red circle in Fig. 5 indicates the emission
point, which is the location of the Fukushima Dai-ichi nuclear power plant. The physical
processes used are the relaxed Arakawa–Schubert deep convection scheme (Moorthi
and Suarez, 1992), the Noah land surface model (Ek et al., 2003), the Chou radiation15

scheme (Chou and Suarez, 1994), and a non-local planetary boundary scheme (Hong
and Pan, 1996). The model simulation is integrated from 00:00 UTC 12 March 2011 to
00:00 UTC 28 March 2011 (16 days). The emission rate of the radioactive tracers from
Chino et al. (2011) is used in this study. To determine the size of the boundary and
buffer zones (Fig. 2) for this case study, the fastest wave is assumed to be a sound20

wave, which moves at a speed of 300 ms−1. The estimated longest traveling distance
of this wave in one time step (∆t = 40 s) is 12 km; this value is less than 2∆x. There-
fore, the fastest-moving tracer is confined within 2 grid points over one time step. Thus,
it is impossible for tracers to enter from outside the domain when the boundary zone
is larger than 2∆x. In this study, the boundary zone is set to 5∆x for safety. The buffer25

zone is the same size as the boundary zone.

4228

http://www.geosci-model-dev-discuss.net
http://www.geosci-model-dev-discuss.net/8/4221/2015/gmdd-8-4221-2015-print.pdf
http://www.geosci-model-dev-discuss.net/8/4221/2015/gmdd-8-4221-2015-discussion.html
http://creativecommons.org/licenses/by/3.0/


GMDD
8, 4221–4243, 2015

A semi-Lagrangian
advection scheme

E.-C. Chang and
K. Yoshimura

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

4.2 Radioactive tracer field

Figure 6 shows column-integrated atmospheric radioactive tracers from the ORG and
the SL experiments at 12:00 UTC 15 March 2011, when the maximum emission rates
occurred. The ORG run produces very distinct noise in the zonal and meridional di-
rections from the emission point; these values are shown in both the 131I and 137Cs5

tracers (Fig. 6a and c). Additionally, a ring-shaped signal surrounds the emission point.
This signal is the pattern of high-concentration, empty values; the ring shape extends
from the center of the emission to outside the domain. These signals, also known as
the ringing artifact, are typical of the Gibbs phenomenon. In the Fukushima case study,
the discontinuity of the tracer field is pronounced because the tracers are emitted from10

a single grid point, which leads to significant noise from the spectral transformation
processes in the ORG experiment. Widespread distributions of tracers with small con-
centrations occur over the domain. However, the SL experiment does not have any
noise from the Gibbs phenomenon (Fig. 6b and d). Compared with the ORG run, the
SL experiment produces a generally similar pattern of tracers, which advect northeast15

from the emission point. This result is the clearest advantage of the semi-Lagrangian
advection scheme for tracer transport in the spectral model system. Figure 7 shows
longitudinal-vertical cross sections of tracers averaged in the meridional direction over
36.5–37.5◦ N, which includes the emission point. This figure shows that the ringing
noises extend above the surface in the ORG experiment (Fig. 7a and c). The SL exper-20

iment shows transport in the vertical and horizontal directions without computational
noise. Clearly, the semi-Lagrangian advection method can calculate the transport of
tracers without computational noise, whereas the spectral representation of advection
produces severe errors.

4.3 Humidity field25

The SL experiment applies the semi-Lagrangian method to radioactive tracers and the
humidity field. The humidity field is also a positive-definite field and spectrally exhibits
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the Gibbs phenomenon, although the discontinuity is not as strong as it is in the ra-
dioactive tracer fields. Figure 8 shows that the specific humidity in the ORG run exhibits
some negative values in the lower troposphere (Fig. 8a and b). The SL experiment sim-
ulates detailed humidity distributions that are similar to those of the ORG experiment
but without any negative values (Fig. 8c and d). Negatives in the ORG run indicate that5

the original RSM has a systematic problem representing the positive-definite field, even
though the RSM is widely used and evaluated for regional downscaling. The precipita-
tion fields from each experiment are quite similar (Fig. 9). Because the precipitation is
calculated from the humidity field and other atmospheric circulation fields, this result in-
dicates that the regional NDSL can successfully calculate the transport and distribution10

of humidity in the RSM.

5 Summary and discussion

In previous studies, the RSM has been utilized to simulate the Fukushima Dai-ichi
nuclear power plant accident. The results exhibit severe noise in the simulated ra-
dioactive tracer fields (i.e., iodine-131 and cesium-137). This noise is due to the Gibbs15

phenomenon, wherein discontinuities in positive-definite fields create negative values
after spectral transformations. This problem is common in spectral model systems. The
spectral tracer advection is replaced with a semi-Lagrangian advection scheme to pre-
vent the Gibbs phenomenon in the tracer output. Prognostic tracer fields are calculated
using the semi-Lagrangian method and are only considered in grid space. The Gibbs20

phenomenon does not occur when the spectral space transformation is not performed.
The semi-Lagrangian method used in this study is the NDSL scheme, which has

the advantages of efficiency and simplicity. Because the NDSL has been previously
applied in a global model system only, a regional version of the NDSL is developed in
this study. For this application, the boundary conditions are applied by defining simple25

weighting functions. The regional version of the NDSL scheme is verified by performing
idealized experiments using horizontal and vertical advection. These idealized experi-
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ments transport a particular disturbance to the uniform wind field. The results show that
the shape is well maintained and the mass conservation is satisfied during advection.
Therefore, the regional version of the NDSL is successfully applied in the RSM.

Two experiments are performed for the Fukushima case study to evaluate the NDSL
advection scheme in the RSM. The ORG experiment is performed by the original RSM,5

and the SL experiment is produced by the NDSL version of the RSM. The ORG run
shows severe errors in tracer fields induced by the Gibbs phenomenon. Errors appear
as a ringing signal that extends zonally and meridionally from the emission point. Addi-
tionally, relatively strong ring-shaped noise is captured around the emission point. This
noise is clearly removed when the tracer advection component is replaced by the NDSL10

scheme. The SL run shows that the NDSL advection scheme can capture the major
transport of tracers without any noise from the Gibbs phenomenon. This finding is the
clearest advantage of the NDSL scheme in the tracer field simulation. In the humidity
field, the ORG experiment produces some negative values in the lower troposphere.
However, the SL experiment does not exhibit such negatives; both SL and ORG cap-15

ture the detailed distribution of the humidity field. The precipitation fields from the ORG
and SL experiments are similar, which means that the NDSL properly calculates the
humidity field.

This study reveals that replacing the tracer advection scheme with a semi-
Lagrangian scheme can eliminate the Gibbs phenomenon in a regional spectral model.20

However, the simulated surface deposition of radioactive tracers and precipitation from
the SL experiment still deviate from the observations, even though the NDSL removes
severe errors. Note that the objective of this study is to determine the feasibility of
the NDSL advection scheme in a regional spectral model. Thus, some quantitative
validations from experiments are not included in this study. These results may be im-25

proved upon by applying enhanced physical parameterizations and advanced formulas
for tracer surface deposition processes.
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Figure 1. Schematic of two-dimensional advection for (a) the traditional backward semi-
Lagrangian scheme and (b) the NDSL scheme. “D,” “M,” and “A” indicate the departure point,
mid-point, and arrival point, respectively. The bold arrow indicates the wind vector at the mid-
point.
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Figure 2. (a) The structure of the lower-left corner in the regional domain for boundary treat-
ment. (b) Weighting function of the global base field (black) and regional model field (gray)
along the x axis, which includes the inner domain. This example assumes that the grid size of
the boundary and buffer zones is 3.
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Figure 3. Result from the idealized horizontal advection experiment. (a) Virtual concentration
every 1000 time steps by the NDSL advection scheme and (b) results at the 3000th time step
from the NDSL (red contour) and the analytic solution (black contour). The shaded values
indicate the differences between the NDSL results and the analytic solution.
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Figure 4. Virtual concentration from the idealized vertical advection experiment. The red and
black lines indicate the transported concentration by the NDSL and the analytic solution, re-
spectively.
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Figure 5. Experimental domain for the case study. The shaded values indicate orography
(m). The red circle is the emission point, which is the location of the nuclear power plant in
Fukushima.
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Figure 6. Simulated column-integrated atmospheric radioactive tracers (kBqm−2) at 12:00 UTC
15 March 2011.
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Figure 7. Simulated mixing ratio of radioactive tracers (Bqkg−1) averaged over 36.5–37.5◦ N at
12:00 UTC 15 March 2011.
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Figure 8. Specific humidity (gkg−1) at 850 hPa from the (a, b) ORG and (c, d) SL runs at 00:00
and 12:00 UTC 14 March 2011, respectively.
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Figure 9. Average precipitation over the total integration period (16 days) from the (a) ORG
and (b) SL experiments.
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