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I. Outline of the General Circulation Model

A NEW GENERAL CIRCULATION model, which has an improved finite-difference
formulation, greater vertical resolution, and new parameterizations of the
subgrid-scale processes, has been developed at UCLA to replace the earlier
two- and three-level UCLA general circulation models.

The primary prognostic variables of the model are horizontal velocity,
temperature, and surface pressure, governed by the horizontal momentum
equation, the thermodynamic energy equation, and the surface pressure
tendency equation, respectively. These governing equations, together with
the hydrostatic equation, form the system of “quasi-static equations” or
so-called “primitive equations.”

A number of secondary prognostic variables, with corresponding govern-
ing equations, are added to the system to determine the heating and friction.
The most important of the secondary prognostic variables is water vapor,
which is governed by the water vapor continuity equation. Ozone, governed
by an ozone continuity equation with parameterized sources and sinks, is
added as a prognostic variable for use in the radiational heating calculation.
The planetary boundary layer depth and the magnitudes of the temperature
discontinuity, moisture discontinuity, and momentum discontinuity at the top
of the boundary layer are made prognostic variables to determine the
boundary layer structure. The ground temperature, ground water storage, and
mass of snow on the ground are also taken as prognostic variables, governed
by the energy and water budget equations of the ground.

The horizontal momentum equation includes the convergence of vertical
flux of horizontal momentum due to the boundary layer turbulence and
cumulus convection. The thermodynamic energy equation includes a heating
term that consists of solar and infrared radiational heating, the convergence
of vertical flux of sensible heat due to the boundary layer turbulence and
cumulus convection, the release of latent heat due to cumulus-convective and
large-scale condensation processes, and cooling due to evaporation of clouds
and falling raindrops. The water vapor continuity equation includes the
convergence of vertical flux of water vapor due to the boundary layer tur-
bulence and cumulus convection, and both cumulus-convective and large-
scale condensation and evaporation. The formulation of horizontal and
vertical diffusion due to turbulence in the free atmosphere depends on the
version of the model. We plan to introduce, in the near future, a formulation
based on the quasi-geostrophic turbulence theory.

To use the general circulation model the following parameters must be pre-
scribed for each grid point: surface characteristics (open ocean, ice-covered
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ocean, bare land, and land covered by glacial ice); elevation of the land;
surface roughness; thickness of the sea ice; and ocean surface temperature.

Figure 1 shows the vertical structure of the model. The lower boundary
follows the earth’s topography, where the surface pressure is defined. The
upper boundary is the 1 mb pressure surface, which is approximately at the
height of the stratopause. The atmosphere between the upper and lower
boundaries is divided into twelve layers, and the boundaries of these layers
follow the coordinate surfaces of a generalized ¢ coordinate (Section IV).
From 100 mb upward these coordinate surfaces are also constant pressure
surfaces. The lowest four layers have equal depth in pressure p, and the
uppermost seven layers have equal depth in log p.
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FiG. 1. The vertical structure of the 12-layer UCLA general circulation model. Solid lines
define layers, broken lines indicate levels within layers at which prognostic variables are carried.
Pressure levels and heights in parentheses are approximate, given for purposes of illustration.

The broken lines in Fig. 1 show the levels at which the prognostic variables
of horizontal velocity, temperature, water vapor, and ozone are carried for
each of the layers. These levels are approximately centered in p for the layers
below 100 mb, and centered in log p for the layers above 100 mb.

The uppermost layer of the model, called the “sponge layer,” has a damping
term designed to absorb upward propagating wave energy and thus prevent
a spurious reflection of wave energy at the upper boundary. The actual
formulation of the damping term, however, is still in an experimental stage.
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F1G. 2. The vertical structure of the tropospheric layers of the model showing the param-
eterized planetary boundary layer (light shaded area) and possible cloud types associated with
the planetary boundary layer (stippled area).

Figure 2 shows the vertical structure of the lower layers of the model. The
light shaded area represents the parameterized planetary boundary layer,
which may or may not contain stratus cloud, and out of which there may or
may not extend a cumulus cloud ensemble. The boundary layer depth may be
less than, equal to, or greater than one or more of the model layers.

Although the model is designed and programmed to have as many as
12 layers, it can be used with fewer layers. A six-layer version of the model,
with a vertical structure identical to the lower half of the 12 layer version,
is also used at UCLA.

The horizontal coordinates are longitude and latitude; the current grid
size is 5° of longitude and 4° of latitude. The convergence of the meridians
toward the poles would normally necessitate the use of an extremely short
time interval to maintain computational stability. To avoid this requirement,
a longitudinal averaging is done of selected terms in the prognostic equations
near the poles. At present, the finite-difference time step is 6 min, except for
the heating, friction, and source and sink terms, for which the time step is
30 min.

11. Principles of Mathematical Modeling
The space finite difference scheme of the model is designed to maintain

many of the important integral constraints of the continuous atmosphere,
such as the conservation of total mass; the conservation of total kinetic



THE UCLA GENERAL CIRCULATION MODEL 177

energy during inertial processes; the conservation of enstrophy (mean square
vorticity) during vorticity advection by the nondivergent part of the hori-
zontal velocity; the conservation of the integral constraint on the pressure
gradient force; the conservation of total energy during adiabatic and nondis-
sipative processes; and the conservation of total entropy and total potential
enthalpy during adiabatic processes.

As the grid size approaches zero, the finite-difference solution obtained
with any convergent scheme will approach the true solution and, therefore,
in the limit will satisfy the integral constraints. The order of accuracy of a
convergent scheme determines how rapidly its solution approaches the true
solution as the grid size approaches zero. Although many schemes share the
same order of accuracy, the solutions of such schemes generally approach
the true solution along different paths in a function space, and with different
statistics. One of the basic principles used in the design of the finite difference
scheme for the model is the desirability of seeking that finite difference
scheme in which the solutions approach the true solution along a path on
which the statistics are analogous to those of the true solution. To this end,
in the finite difference scheme used in the model, discretized analogs of the
integral constraints are maintained, regardless of the grid size, which ap-
proach the true integral constraints as the grid size approaches zero.

Maintenance of the integral constraints by the finite difference scheme may
not be a critical requirement for short-range numerical weather prediction
(over a period of a day or two), because there the concern is with the local
accuracy of the solution in space and time, and a formal maintenance of the
integral constraints does not necessarily mean a greater accuracy of the
solution at a particular place and time. In short-range predictions, the period
of integration is usually not long enough for significant changes to occur in
the integral properties. The local accuracy in short-range predictions is
therefore more or less determined by the grid size and the order of accuracy
of the scheme.

In numerical general circulation simulations, however, the governing
equations are integrated beyond the physical limit of deterministic predic-
tion, which is of the order of a few weeks. Because the atmosphere is turbulent,
in a long-term integration there is no “true” solution in the deterministic
sense, and such integrations (including long-range numerical weather predic-
tion from an observed initial state) can only predict the statistical properties
of the atmosphere. In a long-term integration, then, it is the accuracy of the
statistical properties of the solution that concerns us.

It is shown in Section III that maintaining the conservation of enstrophy
as well as of kinetic energy is of great advantage in the control of the statistical
properties of nondivergent horizontal flow. It not only prevents nonlinear
computational instability, but it also maintains the constraint on the kinetic
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energy exchange between motions of different size. A false systematic com-
putational cascade of kinetic energy into small-scale motions is prevented,
and because there is then relatively little energy in the small-scale motions,
the overall error is small. In this way, other statistical properties of the
solution, such as conservation of the higher moments of the statistical
distribution of vorticity, are approximately maintained.

If the energy in the shortest scale is the result of a spurious computational
energy cascade, a decrease of the grid size does not help insofar as the long-
term simulation of nonviscous flow is concerned. Such a result is completely
different from that which might be expected from the usual analysis of
truncation error, which is a measure of the formal difference of the finite-
difference equation from the original differential equation. The paradox
occurs because a decrease of the grid size allows a further computational
cascade of energy into the added part of the spectral domain. After a sufficient
period of integration, the cascading energy will again reach and accumulate
in the shortest resolvable scale. The overall error will become large again and
the prediction of some of the statistical properties will become even worse
than with the coarser grid (Section III will show an example of this).

The existence of lateral viscosity can make a false computational cascade
of energy less harmful. Since such viscosity is more effective for smaller scales,
however, a spurious computational energy cascade into these scales falsely
enhances the total amount of energy dissipation.

The second part of Section III describes a finite difference Jacobian that
maintains the conservation of enstrophy and kinetic energy and that is
suitable for the representation of advection of any quantity in two-dimen-
sional, incompressible flow. The usefulness of this scheme as a guide in the
formulation of a finite-difference scheme for the primitive equations rests
on the fact that although the motions of the atmospheric general circulation
are not exactly horizontal and nondivergent, they are to a good approxima-
tion quasi-geostrophic. This type of motion is quasi-nondivergent, as far as
horizontal advection is concerned ; divergence is important only in the linear,
or approximately linear, terms. Thus as far as the consideration of the
(nonlinear) advection terms is concerned, the finite-difference scheme for
advection by the nondivergent part of the flow is crucial; indeed, a scheme
that is inadequate for purely nondivergent motion is almost certainly inade-
quate for quasi-nondivergent motion.

The other integral constraints maintained by the finite-difference scheme
of the UCLA model are not for the prevention of a computational cascade
and, therefore, do not directly increase the overall accuracy of the statistics
of the solution. The maintenance of these other integral constraints does help
make the errors less systematic, however, in terms of the generation, destruc-
tion, and conversion of energy, entropy, and angular momentum or vorticity.
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Therefore, in a statistical sense, they make the physics of the discrete model
more analogous to the physics of the continuous atmosphere.

The following examples may serve to illustrate this point. A small error
in the meridional velocity 1s tolerable if that error is random; but if the error
is a systematic one resulting, say, from some latitudinal distribution of false
mass sources and sinks, there will be a systematic false generation of the
relative angular momentum of the global atmosphere. A small false residual
of the line integral of the pressure gradient force, which is an irrotational
vector, can drastically affect the angular momentum and vorticity budgets.
A systematic small error in the vertical distribution of potential temperature
in the troposphere can cause a significant error in the gross static stability,
and thereby produce large errors in the motion field.

It is important to note that the integral constraints are maintained regard-
less of the initial condition, because their maintenance is guaranteed by the
form of the finite-difference scheme. Difference schemes that do not have
such a formal guarantee may approximately maintain the integral constraints
with a particular set of initial conditions, but may not do so with another set
of initial conditions. Because the governing equations are nonlinear, we have
no way of knowing in advance the integral properties of the solutions
obtained with such schemes.

In numerical models of the atmosphere, the energy propagation in physical
space, as well as in spectral space, must be properly simulated. In particular,
the energy propagation by small-scale dispersive inertia-gravity waves, ex-
cited by a local breakdown of the quasi-geostrophic balance, is important
in restoring an approximately quasi-geostrophic flow by geostrophic adjust-
ment. Unless the geostrophic adjustment process can operate properly,
nothing is gained by maintaining integral constraints on quasi-geostrophic
motion. The finite-difference scheme of the model is designed to control the
small-scale inertia-gravity waves and the accompanying geostrophic adjust-
ment process.

Computational problems also arise in the simulation of the vertical prop-
agation of wave energy forced from below. The vertical differencing scheme
and the location of the levels in the stratosphere are designed to eliminate
any false computational internal reflections of the wave energy in a resting
isothermal atmosphere.

III. Finite Difference Schemes for Homogeneous Incompressible Flow
Our governing equations are the primitive equations. Under typical condi-

tions in the atmosphere (low Rossby and Froude numbers), these equations
govern two well-separable types of motion. One type is the high-frequency
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inertia-gravity wave, for which nonlinearity is usually small; the other is
low-frequency, quasi-geostrophic motion, for which nonlinearity is usually
dominant. It is known that the energy of locally excited inertia-gravity waves
disperses away into a wider space, leaving the slowly changing quasi-
geostrophic motion behind. This process is called “geostrophic adjustment.”

Consequently, there are two main computational problems in the simula-
tion of large-scale motions with the primitive equations. One computational
problem is the proper simulation of the geostrophic adjustment. The other
is the simulation of the slowly changing quasi-geostrophic (and, therefore,
quasi-nondivergent) motion after it has been established by geostrophic
adjustment.

This section discusses finite-difference schemes to deal with both of these
computational problems for the case of homogeneous incompressible flow.
The results of this section will be used in Section VI as a guide for the design
of the horizontal finite-difference scheme for the model.

A. DISTRIBUTION OF VARIABLES OVER THE GRID POINTS

Winninghoff (1968) found that the simulation of the geostrophic adjust-
ment process with a finite-difference scheme is highly dependent on the
manner in which variables are distributed over the grid points. The following
discussion is based on his work.

Consider the simplest fluid in which geostrophic adjustment can take
place—namely, an incompressible, homogeneous, nonviscous, hydrostatic,
rotating fluid with a flat bottom and a free top surface. The basic equations
which govern such a fluid are the so-called shallow water equations, given by

dufdt — fo + g(oh/ox) = O, )
dvjdt + fu + g(@h/dy) = 0, @)
dhjdt + h(du/ox + dv/dy) = O, 3)

where ¢ is time, x and y are the horizontal cartesian coordinates, ¥ and v are
the velocity components in the x and y directions, respectively, h is the depth
of the fluid, f is a constant coriolis parameter, and g is gravity. The individual
time rate of change is defined by

5, 5, 0
= — —— _, 4
_8t+uax+vay 4

&_|g_

t
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In most of this study a linearized version of these equations is used, which
is obtained by replacing d/dt by 9/0t, and by replacing h as the factor on
(Ou/ox + dv/0y) in Eq. (3) by H, the mean value of h. This procedure is
justified when the Rossby number is small and the horizontal scale is of the
order of the radius of deformation or less.

Consider the five distributions of the dependent variables h, 4, and v, on a
square grid illustrated in Fig. 3. Each of the following five space finite-
difference schemes used with the linearized equations is the simplest second-
order scheme for the correspondingly labeled distribution.

(A) {(B)
41 uyh uyv,h uyv,h 41 h h h
uy uy
Juy,h h .
J 4 Uy, uyn R h h
uy uy
i 4 uy,h ’u,v,h ' uy,h J 'h : h
(=/ { (# i~/ { i+
—g— — g
(C) (D)
41 h u h u h el h v h v h
v v v u u u
y h u h u |h J h v h v |
v v v u u u
-1 h u 'h u b 1 n_v 4h v _th
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i N\ Uy
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F1G. 3. Spatial distributions of the dependent variables on a square grid.

Scheme A:

oufot — fo + (g/d)@.h)* = 0, )
dv/0t + fu + (g/d)(3,hy = O, (6)
ohjot + (H/d)[G.w* + (3,07] = 0; (7
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Scheme B:
oufot — fo + (g/d)(,hy = 0, (8)
dv/ot + fu + (g/d)Shy* = 0, )
ohjot + (HI[Eay + Gy = 0; (10)

Scheme C:
ou/ot — [T + (g/d)(6,.h) = 0, (11)
ov/ot + fa* + (g/d)(6,h) = O, (12)
ohjot + (H/d)[(6.u) + (O,v)] = 0; (13)

Scheme D:
du/ot — fu™ + (g/d)6,h)” = 0, (14)
dvfor + 7 + (g/d)EH® = 0; (15)
ohjor + (H/A)(Ea” + o] = 0; (16)

Scheme E:
oufdt — fo + (g/d*)(5.h) = O, (17
dv/ot + fu + (g/d*)S,h) = 0, (18)
ohjot + (H/d*)[(6,u) + (b,v)] = 0; (19)

where we define

(5x°‘)ij = Oivay2,j — Xi—172, ) (20)
@); = 3 (tiv1j2,j + %-1s2, ), (21

and where i and j are the indices of the grid points in the x and y directions,
respectively. The symbols (6,2);; and (@”);; are defined in a similar manner,
but with respect to the y direction, and

(@), j = (i’y()i e (22)
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For Schemes A through D, d is the grid size shown in Fig. 3. For Scheme E,
d* equals \/2d; with this choice Scheme E will have the same number of grid
points as the other schemes in a given two-dimensional domain.

In this study, all analyses with the linearized equations leave the time-
change terms in differential form. If an explicit scheme is to be used for the
time differencing, the time interval must be chosen to satisfy the Courant-
Friedrich-Lewy type condition for linear computational stability of the
wave with the largest possible phase speed, which for the primitive equations
of atmospheric motion is the Lamb wave. A time interval so chosen is
adequately small for all other waves, including internal gravity waves, and
the time discretization error can be ignored in the first approximation.

Consider, first, the following one-dimensional linear equations:

dufor — fo + g(oh/ox) = O, 23)
ovjot + fu = 0, (24)
oot + H(@ujox) = 0. (25)

Eliminating v and h yields
o*u/ot® + f2u — gH(0*u/ox?) = 0. (26)

If the solution is assumed proportional to exp[i(kx — vt)], then the angular
frequency v for the inertia-gravity waves is given by

viN?* =1 + gH(K/f)?, (27)

where k is the wave number in the x direction. The frequency of inertia-
gravity waves is a monotonically increasing function of the wave number k
unless the radius of deformation 4 defined by /gH/f, is zero. The group
velocity dv/dk is not zero unless A = 0; this nonzero group velocity is very
important for the geostrophic adjustment process.

The effect of the space discretization error on the frequency can now be
examined. The space distributions of the dependent variables in this one-
dimensional case for Schemes A through D are shown in Fig. 4; Scheme E
is not shown, since it is equivalent to Scheme A, but with a smaller grid
size. For Schemes A through D the following frequencies are obtained:

Scheme A:

W2 = 1 + (4/d)? sin? (kd), (28)
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Scheme B:

(Vf)? = 1 + 4(3/d)? sin? (kd/2), (29)
Scheme C:

/f)? = cos? (kd/2) + 4(3/d)? sin® (kd/2), (30)
Scheme D:

(v/f)* = cos? (kd/2) + (4/d)? sin® (kd). (31)

In all cases, the nondimensional frequency v/f depends on the two parameters
kd and 2/d.

(A) (B)
uy,h uyh uyh h uy h uy h
- o - —— ———— e
-/ { i+ i~/ { i+
(C) (D)
vh u vh o wh guh v uwh v gh
———————§ > ——————+——9
I i 1/ i~/ i i+/

FiG. 4. Distributions of the dependent variables for a one-dimensional grid which cor-
respond to those for a square grid shown in Fig. 3.

With these frequencies for the inertia-gravity waves, the dispersion prop-
erties of each scheme can be examined. The wavelength of the shortest
resolvable wave is 2d; the corresponding wave number k,,,,, is n/d. Therefore,
in examining Eqs. (28)—(31), it is sufficient to consider the range 0 < kd < =

Scheme A. The frequency reaches its maximum at kd = n/2, which means
that the group velocity at kd = m/2 is zero. When inertia-gravity waves
at about this wave number are excited somewhere in the domain (by non-
linearity, heating, etc.), the wave energy stays there. In this scheme, a wave
with kd = = behaves like a pure inertia oscillation.

Scheme B. For nonzero A the frequency is monotonically increasing in
the range 0 < kd < n.

Scheme C. The frequency is monotonically increasing for 2/d > % and
monotonically decreasing for A/d < 4. For i/d = 1, v? = f? and the group
velocity is zero for all k.

Scheme D. The frequency reaches a maximum at (1/d)? cos (kd) = .
Moreover, kd = 7 is a stationary wave.
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These results for the one-dimensional case show that Scheme B is the
most satisfactory. However, when 4/d is sufficiently larger than 1/2, Scheme C
is as good as Scheme B. To illustrate, Fig. 5 shows a comparison of the
dependence of |v|/f on kd/= for the case A/d = 2.

i/ f

kd/m

F1G. 5. The dependence of the (nondimensional) frequency on the (nondimensional) wave
number for the shallow water equations for the case i/d = 2. Solid line corresponds to the
differential case, given by Eq. (27); dashed lines represent the difference Schemes A-D, given
by Egs. (28)-(31).

Cahn (1945) gave the solution of an initial value problem for which
Egs. (23)—(25) are the governing equations. At the initial time, he let h =
constant, u = 0, v = V}, in the domain from x = —atox =a,andv =0
outside of this domain.

A form of the solution u(x, t) for these same initial conditions, suitable
for use in a comparison of the differential and difference formulations, is
obtained by first expressing u(x, t) in Fourier integral form:

u(x, 1) = 517—[ Re f f’w e ux(k, 1) dk, (32)

where

wrk, 0) = [ e™u(x, 1) dx, (33)
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and k is the wave number in the x direction. The function u*(k, t) then
satisfies the following equation

o*u*(k, t)

5z T (7 + KgHu¥k, 1) =0, (34)

which has the general solution
u*(k, t) = A(k) cos (vt) + B(k) sin (vt), (35)
where
v = fH1 + 2%k%). (36)

To determine A(k), Egs. (35) and (33) are applied at t = 0 to give
A(k) = u¥(k,0) = f:o e *y(x, 0)dx = 0. (37)

Moreover, Egs. (35) and (33) give

au*;f’ £ = v[ — A(k) sin (v¢) + B(k) cos (vt)] (38)
and
ou*(k, t) © ey OU(x, 1)
e f_m ek S dx. (39)

Applying Egs. (38) and (39) at ¢t = 0 gives an expression for B(k),

B(l) = %(51,4*(/(, t)) _ lj‘co o ikx <@%ﬁ> dx. (40)

0[ =0 VJo® =0

From the initial conditions and Eq. (23), we have

<6u(x, t)> _ {fVO for x| <a 1)
ot t=0

0 for |x| > a.
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Therefore, from Eq. (40),

x=a __szO
Tk

~ikx
B(k) = lf" e M fVydx = —Z—Vf— sin (ak). (42)

~a vik

X=—a

Finally, Eq. (32) gives, with Egs. (35) and (42), the desired solution

u(x, [) = faI/O Re J‘oo sin (ak) M eikx dx, (43)
i3 -o gk v
or
u(x, 1) = fas fm sin (ak) sin () cos kx dk. 44)
~o gk y

Expressions for h were obtained using Eq. (44) with the equation of
continuity (25) in the differential case and with the finite-difference analogs
of the equation of continuity for each of the Schemes A-D. In the differential
case, v was given by Eq. (36), while with finite-difference Schemes A-D the
frequency v was given instead by Egs. (28)—(31), respectively.* The integral
in these expressions for h was evaluated numerically using Simpson’s rule
with 600 intervals in k from O to n/a. The solutions for h were calculated,
with f = 10”7 % sec™ !, for constant x for values of ¢ up to 40 hr at 15-min
intervals, and for constant ¢t over a range of x.

Some results of these calculations, with a/d = 1 and 1/d = 2, are shown
in Figs. 6 and 7. Figure 6 shows the time variation of h at x = a for the
differential case, which approximates the solution obtained by Cahn, and
for each of the difference schemes. Figure 7 gives the space variation of h
in the differential case and for each of the schemes at ¢t = 80 hr. As expected,
Schemes B and C simulate the geostrophic adjustment better than the
other schemes.

However, in the two-dimensional case there is a difficulty with Scheme B.
Figure 8 shows |v|/f for each of Schemes A through E, as a function of kd/n
and ld/n, where k and [ are the wave numbers in the x and y directions;
again A/d = 2. For comparison, |v|/f for the differential case is shown in
Fig. 9. The chain lines in Fig. 8 show the maximum |v| /f for each of a range

*Note added in proof. Professor Arthur L. Schoenstadt, Department of Mathematics, United
States Naval Postgraduate School, Monterey, has pointed out in a personal communication
that f in Eq. (44) must also be modified for Schemes C and D. Figures 6 and 7 are based on
his corrected expressions.
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1.0

kd/

FiG. 9. Contours of the (nondimensional) frequency as a function of the (nondimensional)
horizontal wave numbers for the differential shallow water equation for i/d = 2, presented
for comparison with Fig. 8.

of values of the ratio I/k. Note that there is no such maximum for Scheme C
or the differential case.

In conclusion, the simulation of geostrophic adjustment is best with
Scheme C, except for abnormal situations in which 4/d is less than or close
to 1.

B. Two-DIMENSIONAL NONDIVERGENT FLOW

The next consideration must be the simulation of the slowly changing
quasi-geostrophic (and, therefore, quasi-nondivergent) motion after it is
established by the geostrophic adjustment process.

Consider, first, a flow which is purely horizontal and nondivergent,
governed by the vorticity equation

oL/ot + v - VL =0, (45)

where
v=kxVy, (=k-Vxv=V3, (46)

and  is the stream function, V is the two-dimensional del operator, and
k is the unit vector normal to the plane of motion. Equation (45) can also be
written as

ac/ot = J(G, ¥, (47)
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where J is the Jacobian operator, defined by

J(C ¥) = (3L/0x)0y/0y) — (8C/0y)(/0x). (48)

There are the following integral constraints, among others, on the
Jacobian:

J(Gy) =0, (49)
LI y) =0, (50)
wJ(C ¥) = 0, (51)

where the bar denotes the average over the domain, along the boundary
of which y is constant. From these integral constraints it is seen that the mean
vorticity {, the enstrophy (one half of the mean square vorticity) (%, and the
mean kinetic energy 3(Vi)? are conserved with time. Conservation of these
quantities during the advection process poses important constraints on the
statistical properties of two-dimensional incompressible flow, as pointed out
by Figrtoft (1953). In particular, the average wave number k defined by

k* = (V)2 /() (52)

is conserved with time, so that no systematic cascade of energy into shorter
waves can occur.

If the statistical properties are to be simulated numerically, a finite-
difference scheme must be used that approximately conserves these quadratic
quantities. Avoiding computational instability in the nonlinear sense is
necessary but not sufficient for this purpose. Two examples of stable schemes
that have a false energy cascade into shorter waves will be shown later.

It should be noted that if Eq. (47) is applied to a one-dimensional problem,
the nonlinearity will be lost. Therefore, the tests of a finite-difference scheme
for incompressible flow must be made with two-dimensional problems.

The finite-difference approximation for Eq. (47) may be written in a
relatively general form as

;'j+l — §" = At (0¥, ¥*), (53)

where {;;" = (V;;¢)" is a finite-difference approximation of { = V2y at
the grid point x = id, y = jd, and at time t = n At. Here, d is the grid size,
At is the time interval, and V ;> and J;; are finite difference approximations
for the operators V2 and J at the grid point x = id, y = jd. Hereafter, the
subscripts i, j will be omitted unless they are necessary for clarity.
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There are a number of time-difference schemes corresponding to different
choices of {* and y*. For example, {* may be equal to {"*1/2, as in the
leapfrog scheme; or {* may be a linear combination of {* and {"*! such as

=30+, (54)

which is an implicit scheme of the Crank-Nicholson type. As another
example, {* may be a provisional value of {, predicted by

= ST + o At*(C", ¥, (55)

where S and « may be equal to 1, as in the Matsuno scheme, or S may be a
smoothing operator and « = %, as in the two-step Lax-Wendroff scheme.
Here J* is not necessarily the same as J.

The change of enstrophy is obtained from Eq. (53), as

HET = (@] = AT+ DY2]3(CF ), (56)

where the bar denotes an average over all grid points in the domain con-
sidered. Equation (56) can be rewritten as

HEFY - @ =@+ 02 - 5 =)
+ AR, §F). (57)

To conserve enstrophy, {* and the form of J must be chosen in such a way
that the right-hand side of Eq. (57) vanishes. The first term on the right
vanishes if {* is chosen as ({**! + (")/2. The second term vanishes if the
finite-difference Jacobian J maintains the integral constraint given by Eq. (50)
for the differential Jacobian J. Similarly, it can be shown that a properly
defined kinetic energy is conserved if y* is chosen as (y"*! + ¥")/2 and
J maintains the integral constraint given by Eq. (51).

Consider the grid shown in Fig. 10. There are three basic second-order,
finite-difference Jacobians:

Ji = AL AW — AL AW,
J2 = A AL — Ay A0, (58)
J]3 = Ax(C Aylp) - Ay(c Axl//)y
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FiG. 10. Grid showing indexing for £, ¥ points used in the finite-difference Jacobian schemes
of Eq. (58).

where (A,o) is defined by (o4, ; — #;—, ;)/2d, and Aja is defined similarly
with respect to y. It was shown by Arakawa (1966) that the Jacobian J
given by

J =alb;, +yd, + BJs, a+y+p=1, (59)

conserves mean square vorticity if « = f and conserves energy if o = 7.
Examples of Jacobians which have the form of (59) are

Jg = 3y + Jy),
Js = 3(J; + J3),
Jo = 3(J5 + dy),
J, =3y + 3, + J3).

(60)

A schematic representation of the { and  points used in constructing the
seven finite-difference Jacobians introduced above is given in Fig. 11.

J, is the Jacobian proposed by Arakawa (1966) as conserving both
enstrophy and energy. J, and J4 conserve enstrophy, but not energy. J;
and J, conserve energy, but not enstrophy. All five schemes mentioned thus
far are stable. J; does not conserve either quantity, and an analysis similar
to that by Phillips (1959), but with the implicit scheme (54), shows that it is
unstable. Js, also, does not conserve either quantity, but experience with
numerical tests shows that the instability is very weak, if it exists at all.
This is not surprising, since 2J5; = 3J, — J;; because [, is a quadratic-
conserving scheme the time rates of change of the mean quadratic quantities
using Js, for given { and y, have opposite sign to the time rates of change
of the mean quadratic quantities using J;.



194 AKIO ARAKAWA AND VIVIAN R. LAMB
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FiG. 11. Schematic representation of { and y points used in constructing the finite-difference
Jacobians defined by Eqs. (58) and (60).

J, is the best second-order scheme because of its formal guarantee for
maintaining the integral constraints on the quadratic quantities. J, is also
just as accurate as any other second-order scheme. A further increase in
accuracy can be obtained by going to higher order schemes. The more
accurate fourth-order scheme that has the same integral constraints as J,
was also given by Arakawa (1966).

Numerical tests have been made with the above seven Jacobians. In
these tests, the initial condition was given by

¥ = ¥ sin (ni/8)[cos (1j/8) + 0.1 cos (mj/4)], (61)
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and Ar was chosen such that At/d? = 0.7. The leapfrog scheme was used
instead of the implicit scheme. In order to eliminate the gradual separation
of the solutions at even and odd time steps that occurs in the leapfrog
scheme, a two-level scheme was inserted every 240 time steps. The simplest
five-point Laplacian was used. Figures 12 and 13 show the time change of
enstrophy and energy obtained with the seven Jacobians. The expected
conservation properties are observed, even though the implicit scheme was
not used. The energy conserving schemes J; and J, show considerable
increase of enstrophy. On the other hand, the enstrophy conserving schemes
J, and J4 approximately conserve energy in spite of the lack of a formal
guarantee. This is reasonable because the enstrophy is more sensitive to
shorter waves for which the truncation errors are large. Js approximately
conserves both quantities, again in spite of the lack of formal guarantees.

1 1 1
0 500 1000 1500 2000
TIME STEP

Fi6. 12. Comparison of the time variation of the mean square vorticity (units arbitrary)
during a numerical integration with the seven finite-difference Jacobians under consideration.
(Arakawa, 1970). Reprinted with permission of the publisher American Mathematical Society
from SIAM-AMS Proceedings. Copyright (©) 1970, Vol. 2, Fig. 5, p. 35.
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\]’3$ Jg, /Jg/J_r,

J

i 1 l ]
0 500 1000 1500 2000
TIME STEP

FiG. 13. Comparison of the time variation of the kinetic energy during a numerical integra-
tion with the seven finite-difference Jacobians under consideration (Arakawa, 1970). Reprinted
with permission of the publisher American Mathematical Society from SIAM-AMS Proceedings.
Copyright (¢) 1970, Vol. 2, Fig. 6, p. 36.

J, conserves both quantities, with only negligible errors arising from the
leapfrog scheme. Js, like J; and J,, maintains the property of the Jacobian
JGY) = —JW, )

Figure 14 shows the spectral distribution of kinetic energy obtained by
the energy and enstrophy conserving scheme J- and by the energy conserving
scheme J; at the end of the calculations. The small arrow shows the wave
number for sin (ni/8) cos (nj/8), which contained almost all of the energy
at the initial time. Although the total energy was approximately conserved
with J, there was a considerable spurious energy cascade into the high wave
numbers, whereas with J, more energy went into a lower wave number
than into the higher wave numbers, in agreement with the conservation of
the average wave number as given by Eq. (52).

Whether the increase of the enstrophy is important in the simulation of
large-scale atmospheric motion will depend on the viscosity used with the
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(wave number)?

Js
TR

(wave number)?

F1G. 14. A comparison of the spectral distribution of kinetic energy, obtained with J; and
J., after a numerical integration of 2400 time steps. Arrow shows the wave number that con-
tained most of the energy at the initial time.

complete equation. A relatively small amount of viscosity may be sufficient
to keep the enstrophy quasi-constant in time. However, the viscosity will
also remove energy, and as a result the average wave number, defined by
Eq. (52), will falsely increase with time.

In Section II it was pointed out that when a scheme that produces a
strong computational cascade is used, a decrease in grid size does not mean
an increase in overall accuracy as far as long-term numerical integrations
are concerned. Figure 15 shows such an example. With an identical initial
condition, experiments have been made using J; with three different grid
sizes. The nondimensional parameter WAt/d* is kept the same for the three
experiments. A two-level scheme was inserted every 120 time steps to suppress
separation of the solution due to the leapfrog scheme. The figure shows a
more rapid increase of enstrophy with the smaller grid sizes. Since the
kinetic energy is practically conserved in all three experiments, a larger
enstrophy means a smaller average scale of the motion. These results show
that the convergence of the scheme, in the nonlinear sense, must be seriously
questioned.
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FiG. 15. A comparison of the time variation of mean square vorticity obtained by numerical

integrations using J; for three different grid sizes

With the grid shown in Fig. 16, J, may be written as
ST}
(62)

21
~ 3, w—g—z{ ST + o,
(8.(=8,4T) + 6,64},

32d2
y! ) X’
\\PC v oylt v l#’;/
K5y T v
uedyy x  ugdyyx”  updyy
2\ Nl y e .
) Sy ¥
u Sy‘l’ X u'sy‘l’ X u ay‘l’
kC/v 7 (7 (¢
ey

j-1 *

By
i-1 i+1
F1G. 16. Grid showing points of definition of the dependent variables and axes of definition
for mean and difference operators used in the differencing of the momentum advection terms
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where é,0 and &* are defined as

(5x0‘)i+1/2,j = Ui+, — %, (63)

and
(ax)i+1/2,j = %(“H 1,j T &, j)' (64)

The symbols ,« and & are deﬁned in a similar manner but with respect to
the y dlrectlon and ¥ = 2. The symbols 8y, 8y, &, and @ follow the
same definitions, but in the x’ and y’ directions and w1th the spacing \/Ed.
It can easily be shown that

o =047 + 607, S, = —0.9° + S0~ (65)

Since it is the momentum equation and not the vorticity equation that is
used in the model, the next problem is to find a finite-difference scheme for
the advection term in the momentum equation. The guiding assumption
in our present approach is that a scheme that is inadequate for purely
nondivergent motion is almost certainly also inadequate for the quasi-
nondivergent motion typical of large-scale atmospheric motions. Thus the
first constraint on a finite-difference scheme for the momentum equation is
that it become equivalent to 0{/0t = J,({, ) when the flow is horizontal
and nondivergent.

The vorticity can be expressed as

¢’1+1 J l//ij lpij_lpi—l,j ln[/i,j+l _l//ij lpij_l//i,j—l
C (Wzl//)u__< d - d + d - d >

1
='d_2‘(l//i+1,j+|//i—1,j+‘//i,j+1+‘pi,j—1_4‘//ij)- (66)
For the grid points shown in Fig. 16, u and v are defined by

5 i i 5x i .
Uy jrrz = _OWserz yl//)‘;,ﬂ/z’ Visi2,j = Ob)icrrz. lp)‘; 2, (67)

Then the vorticity given by Eq. (66) is

Cij = (I/d)[(axv)ij - (5yu)ij]a (68)
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and the vorticity equation may be written as
(0/00)[(0.0);; — (O,u)i;] = Ji(dx0 — Oy, ). (69)
Here the symbol J is used for J,.

Consider J; ;,,»(u, ). From a property of the Jacobian, which is main-
tained by J-,

Ji e 126 07) = Ji 2, 7 + Fud), (70)
and
‘-ﬂi,j~1/2(ua l/—/y) = \ﬂi,j-uz(“, &y - %Ud)' (71)

Note that (¥ + Sud); ;.1 = @ — 3ud), ;_,;, = ¢;; for arbitrary i, j.
Using (70) and (71),

[5y‘ﬂ(ua J/y)]ij = J]i,j+ 1/2(% ) — J]i,j—uz(“a ¥,
= J;(6,u, ). (72)

Similarly,
[0, ¥)]i; = Ji(6.0, ). (73)
Equations (72) and (73) are analogs, respectively, of
(0/ay)J(u, ) = J(ou/oy, ¥),  (8/0x)J(v, ) = J(Ov/Ox, ).
From Egs. (72), (73), and (68),

[5xJ](U’ lpx)]ij - [5)7‘]](”7 l/—/y):lij = \ﬂij(éxv - 5)’“’ lp)

The conclusion is that

J(u, ¥?) for —v- Vuat the u points

J(o, ¥ for -—v- Vo at the v points
are consistent with

() for —v-V{ at the y points.
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Equations (62) and (65), with { replaced by u and by §”, give the form

_ 2 — —
=, §?) = 55 [0 =070 + 6,(6.0> W)

+ # [0 — S5 } + 6, {507 + S0 yw"}].  (75)

Define u* and v* by
u* = —(1/d)d g, v* = (1/d)5p. (76)

Then (75), which is the divergence of u-momentum transport, becomes

—3—23 [6.™7w*) + 6,(0¥%)] + é [0 (0% + u®T) + 6,0 — u®W)]. (77)

Similarly, the divergence of v-momentum transport becomes

2

3 [6.*T%) + 6,(0*>D")] + L [6.(0% + u®T¥) + 6,(0F — u®D)]. (78)

6d

In Fig. 16, the distribution of u and v is staggered as in Schemes C and D
of the last subsection. Results of the last subsection indicate, however, that
Scheme C is definitely better than Scheme D in view of the geostrophic
adjustment and therefore the x points rather than the ¥ points in Fig. 16
carry pressure and temperature.

C. FINITE DIFFERENCE SCHEME FOR THE NONLINEAR
SHALLOW WATER EQUATIONS

For use with the advection term of the momentum equations in the
general circulation model, the finite-difference expressions (77) and (78) de-
rived for the case of horizontal nondivergent flow must be generalized to
the case of divergent flow. In this subsection, the principles guiding such a
generalization will be illustrated through the derivation of a finite-difference
scheme suitable for integration of the nonlinear shallow water equations on
a square grid with the variables staggered as in the C scheme. The analogous
development for the momentum equations governing three-dimensional mo-
tion in curvilinear coordinates is presented in Section VI.
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The governing differential equations are Egs. (1)—(3), restated below for
convenience:

Ju du ou oh
a + U + v——ay —fo+ 95 = 0, (79)
ov ov v oh
T + U + v~ay + fu + gﬂ@y =0, (80)

o(hu)  d(hv)
6t + 0x + 0y

=0. 81)

Combining Eq. (81) with Egs. (79) and (80) gives another useful form of
the momentum equations,

(uh) O(huw)  d(hvu) oh
o % + iy fho + gh pl 0, 82)
d(vh)  d(huv)  O(hov) oh
o A + X + fhu + gh(’)y = 0. (83)

Multiplying Eq. (79) by u and Eq. (80) by v and combining the results
with Eq. (81) yields the equations for the time change of kinetic energy,

o[ hutu?] N o[ hviu?]

h
— fhuv + ghua— =

a 1,,2

< s 4

ot (hou7) + 0x dy ox 0 (®4)
1,2 1.2

—?—(h—é-vz) n a[huzv ] + 5[hvzv ] + fhuv + ghv_a_h = 0. (85)

ot O0x dy ay

Multiplying Eq. (81) by gh gives the equation for the change of potential
energy,
o (gh? 0
= <g ) + gh [— (h) + —(hv)] (86)

or

d (gh* ) 2 oh oh
— — — — — . 7
6t(2>+ (ghu)+ (ghv) gh ua +vay =0 (87)
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The coriolis force of course makes no contribution to the change of
total kinetic energy. Also, the summation of the last terms in Egs. (84), (85),
and (87) is zero. These points, which lead to conservation of the total energy,
are utilized in the construction of the finite-difference scheme.

The differencing for the continuity equation is chosen on the basis of
simplicity. At h points, Eq. (81) can be represented as

0 1
ahi,j + F[Fi+1/2,j — Fi_12,;+ G ju12 — Gij—12] = 0, (88)

where the mass fluxes

Fivip,; = d[h*u];+ 12, (89)
Gijr1p = d[Wv]i,H 1/2
are defined at 4 and v points, respectively. The time change terms are left
in differential form throughout this section.
The first requirement on the finite-difference scheme is that it conserve
total kinetic energy during inertial processes. To this end, considering first
the ¥ momentum equation (82), the terms

0 ] e
= (uh) + a—x(huu) + ay (hvu)

can be represented by the following form, which automatically guarantees
proper conservation of integrated zonal momentum:

9 1
o (HW ; + 5 [6(F ) + 6,8“)

+ 8 AF YT + 5G], (90)

where H® and #®, %, #® ™ are as yet undefined (see Fig. 17 for the
points of definition of the new mass flux symbols). For simplicity, the con-
vention of using the indices (i, j) for the variable whose prognostic equation
is under consideration is followed. If these new terms are chosen in such a
way that they satisfy

G 1 _
o HO 4 5 [0.F9 + 5,8Y + 5,89 1+ 5,8%], ;=0, O
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FiG. 17. Grid showing points of definition of fluxes introduced in Eq. (90) in the differencing
of the advection terms of the u-momentum equation.

then by subtracting Eq. (91) multiplied by u;;, (90) can be shown equivalent to

w Ot 1 ” x - y
H:.’)j_atl‘*-”di[y()axu +g()5yu

+ FO5 " + T, 92)

Multiplying (92) by u;; and combining with Eq. (91) multiplied by $u? ; a
finite-difference analog to the first three terms of Eq. (84) is obtained:

0 1
1,2 (W
E(H(u)fu )ij + 242 [97?21/2,1'141',1'“”1,;' - r/'§“—1/2,j”i—1,j“i,j
+ @ u; U . — GW. U: U
b j+1/2%i, j4, 1 L, j— 1240, j—1Yi, j
+ F 1/2, j+ 172U, Uiv 1, j+1 — ygu—)l/z,j—l/zui—hjﬂui,j

+ g?ﬂ 172, j+ 1728, Ui— 1 j+1 — gf’ﬁ 1/2,j-1/2%i+ l,j—lui,j]' 93)

In (93), each of the kinetic energy flux terms reappears at a neighboring
point but with the opposite sign. Thus, regardless of the subsequent definition
of H¥, #® g 4 and ™, the choice of form (90) and the constraint (91)
together ensure that the total kinetic energy over the domain does not falsely
increase or decrease.

The additional requirement on the difference scheme is that enstrophy be
conserved during advection by the nondivergent part of the horizontal
velocity. This will be guaranteed if the finite-difference scheme for the mo-
mentum advection terms reduces to (77) for the case of nondivergent flow.
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If new symbols, based on Eq. (89), are defined at h points by
F* G*

F* @, 94)

i
Il

it is seen that in the case of nondivergent motion, F* and G* are equivalent,
respectively, to (a constant) hd times u* and v* given by Eq. (76). The flux
terms in (90) then reduce to (77) for this case if

‘0}.?2 1/2,j = %(ﬁyy)i+ 1/2,j
gg:‘)j-f-l/z = %(G-*yx)i,j+l/2
Fh e = 6GCF + F¥ 1 e
gﬁ'ﬂl/z,jﬂ/z = é(G - F y)i—l/Z,j+1/2~ (95)

It should be noted that this generalization of (77) is not unique.
The definition of H*® is now determined by the requirement (91). Making
use of Egs. (95) and (94), Eq. (91) can be written in the form

0 11
EH?‘)J + 738 [(0F + 6,G)iv12, j+1 + OF + 6,G)i-1)2,j+1
+ (0xF + 0,G)iv1p2,j-1 + (0F + 8,G)i—1j2,j-1
+ 2(5xF + 5yG)i+l/2,j + 2(5xF + 5yG)iﬁ1/2’j] = 0 (96)

From the continuity equation (88) it is then clear that Eq. (96} is satisfied
only if

HY, = (™), ;. 97)
An analogous development for the first terms of the v momentum equation
(83) yields the form
d H® 1 S (FWp> 5.(@Wpy
_a?( U)i,j+F[x('/’ U)+ y( U)

+ 3 (F V) + 5,(FD)] (98)

i, jo

which guarantees both conservation of kinetic energy, integrated over the
domain, under inertial processes and conservation of enstrophy for the case
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of nondivergent flow with the definitions

5;5'2 1/2,j = %(F—*xy)i+1/2,j
gfv)ﬂ 12 = %(G*xx)i,j+ 1/2
g;gi)l/Z,j+1/2 = §(G¥ + F*)v102, j+172
?EQ 1/2,j+1/2 = %(G* - F*x)i—l/z,j+ 1/2 (99)
and
HP, = (), ;. (100)
The coriolis term — fhv in Eq. (82) is represented at the u point (i, j) by
— ;) 53 (101)

and the term +fhu in Eq. (83) at the v point (i + 1/2, j + 1/2) is represented
by

(ﬁl_ﬁ_xy)w 1/2, j+1/2- (102)

Here the coriolis parameter f; is defined at latitudes where h is carried.

The rate of increase in the kinetic energy of the u component at the point
(i, j) due to the coriolis force is obtained by multiplying (101) by u, ;. The
contribution to this increase from the v point (i + 1/2, j + 1/2) involves the
portion

1
—ijhi+ 172, jVi+ 172, j+ 172U, j- (103)

Similarly, the rate of increase in the kinetic energy of the v component at the
point (i + 1/2, j + 1/2) is given by (102) times v;, 1/, ;+1,2; and the fraction
due to the u point (i, j) involves the term

1
+ijhi+1/2,jui, Yiv1y2, j+1/2- (104)

Note that (103) and (104) exactly cancel so that total kinetic energy is not
influenced by these terms.

Finally, the pressure gradient terms, which convert potential into kinetic
energy, can be examined. At the u point (i, j), the term gh(dh/dx) in Eq. (82)
is represented as

g{h™ 6.h};;; (105)
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and at the v point (i + 1/2,j + 1/2), gh(0h/dy) in Eq. (83) is represented as

g[h-y 5yh]i+ 1/2, j+1/2- (106)

An argument compietely analogous to that utilized in the discussion of the
coriolis terms can be advanced to show that this finite-difference form of the
pressure gradient terms does not cause any false production of total energy.

IV. Basic Governing Equations
A. THE VERTICAL COORDINATE

The vertical coordinate used in the model is a combination of the ¢
coordinate (Phillips, 1957) for the lower part of the atmosphere, and the
pressure coordinate for the upper part of the atmosphere.

Let p be the pressure; py, the pressure at the top of the model atmosphere,
taken as a constant; and pg, the pressure at the earth’s surface, which varies
with the horizontal coordinates and time. A constant pressure p; is chosen
which lies between p; and a lower bound of pg, and the vertical coordinate
o is then defined by

o= , (107)

where

(108)

It

n:{nUEPI_pT for pr<p<np,
Ty =Pps — D for p < p < ps.

Note that =y is constant, whereas =, is a function of the horizontal co-
ordinates and time. It follows from Egs. (107) and (108) that

= —1 for p = pq,
=0 for p=rp, (109)
=1 for p = ps.

Figure 18 shows surfaces of constant ¢ in a vertical cross section. The
lower boundary, which follows the earth’s topography, is a coordinate
surface; and the isobaric surfaces for p;y < p < p; are coordinate surfaces.
When p; = pq, this vertical coordinate system reduces to the ¢ coordinate
of earlier versions of the UCLA General Circulation Model (Mintz, 1965,
1968; Arakawa, 1972); and when p; = py = 0, it reduces to the original
o coordinate of Phillips (1957).
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o =-1

pT
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L

Fi1G. 18. Definition of the layers of the model in terms of the vertical ¢ coordinate.

Since 7 is either zy, which is a constant, or =, which is a function only
of the horizontal coordinates and time, (107) gives

op = n do, (110)
where 6 denotes the differential under constant horizontal coordinates and
time. 7 do/g is the mass per unit horizontal area in a layer of depth Jo,

where g is the acceleration of gravity.
From Eq. (107), the individual time derivative of pressure is given by

w = dp/dt = 16 + o[(dn/dt) + v Vr], (111)

where 6 = do/dt, v is the horizontal velocity, and V is the horizontal gradient
operator. Note that dn/dt + v+ Vr = 0 for ¢ < 0 and, therefore,

w = né for ¢ <0. (112)

At the top of the model atmosphere, Eq. (112) gives (n6),- -1 = (0)p=p,-
It is assumed that (w),-,, = 0, and thus

(6)y=_; = O. (113)

The earth’s surface is a material surface as well as a coordinate surface.
The kinematical boundary condition there is simply ¢ = 0, so that

(n6)y=, = 0. (119
Finally, the continuity of w at ¢ = 0 requires
(M6)s=0- = (M6)g=0+ = @y, (115)

where oy = ()=,
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B. THE EQUATION OF STATE

The model atmosphere is assumed to be a perfect gas, so that
o« = RT/p, (116)

where « is the specific volume, T is the temperature, and R is the gas constant.
For simplicity, the difference of the gas constant from that of dry air (which
determines the difference between the virtual temperature and the tempera-
ture) is neglected except in the parameterizations of subgrid scale turbulence
and cumulus convection.

C. THE HYDROSTATIC EQUATION
With Eq. (110), the hydrostatic equation 0® = —uxdp becomes
00 = —na do, (117)
where @ is the geopotential gz and z is height.

The following alternate forms of the hydrostatic equation can be derived
from Eq. (117) and will be useful:

0(®o) = —(noa — @) do, (118)
50 = —RT 8 1n p, (119)
= —c,0 (p/po)* (120)
din6 _[p\
o EnYs( P 121
% q1/) (p> ’ (12
d(c, T + @) = <f’~>K c, 80, (122)
Do

where ¢, is the specific heat at constant pressure, k = R/c,, and 0 is the
potential temperature, T(po/p)*, where p, is a standard pressure.

D. THE EQUATION OF CONTINUITY

In the pressure coordinate system, the equation of continuity takes
the form

V, v + (0w/dp) = 0. (123)
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Gradients in the pressure and o-coordinate systems are related by
V, =V, + (V,0)(0/d0), (124)
Using the gradient V,, of Eq. (107), namely
Vo +oVrn =0,
Eq. (124) becomes
V, =V, — o/nVn d/dc. (125)

Note that V, = V, for ¢ < 0, because n is constant for ¢ < 0.
Using Eq. (125) for V, - v and using Egs. (111) and (110) for dw/dp, Eq.
(123) gives

VG'V—EVR'Q +i n6 + o6 g-i—v-V n|=0,
T Jo n 0o ot

and finally
(0njot) + V, - (nv) + (6/00)(n6) = 0. (126)

The equation of continuity (126) is used to compute both né and dn, /ot =
dps/ot. Integrating Eq. (126) with respect to o, from —1 to o, and using
Eq. (113) gives

on

f_l _a.t.do' + né = _f—l \'E (TCV) do. (127)

Since dn/0t = Ony/ot = 0 for ¢ < 0 and 0n/0t = On, /ot for ¢ > 0, which
is constant in o,

w6 = —ffl V- () do for ¢ <0, (128)

67tL . (4 .
o=k + 6 = —f_lv () do  for ¢ > 0. (129)

From Eq. (129) applied at ¢ = 1, where 6 = 0,

omy _ Ops 1
SE= = [1, v @ do. (130)

Substituting on /0t from Eq. (130) into Eq. (129) gives n6 for ¢ > 0.
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E. THE INDIVIDUAL TIME DERIVATIVE AND ITS FLUX FORM

With the ¢ coordinate, the individual time derivative d/dt is expressed as
djdt = (8/dt), + v -V, + 6(6/00). (131

With A an arbitrary scalar, (131) gives
dAjdt = [(0/0Y), + vV, ]A + 6(0/00)A, (132)

which is the advective form for d4/dt. Use of the continuity equation (126)
then gives the flux form

n(dA/dt) = (0/0t),(mnA) + V, - (avA) + (0/0c)(nd A). (133)

F. THE MoMENTUM EQUATION
The pressure gradient force is given by —V_ ®. Applying (125) to ® gives
V,® = V,® — (o/n) Vr(0D/00), (134)
which with substitution from Eq. (117) becomes
V,® = V,® + oa Vr. (135)

For ¢ < 0, V,® = V,®. For ¢ > 0, the pressure gradient force consists
of two terms, as shown by Eq. (135). Where the slope of the earth’s surface
is steep, the individual terms are large but are approximately in opposite
directions. In the particular case where V,® = 0, complete compensation
ocCCurs.

The horizontal component of the equation of motion becomes

dvjdt + fk x v + V,® + 62 Vi = F, (136)

where F is the horizontal frictional force and dv/dt is the horizontal accel-
eration. Note that

n(V,® + oo Vr) = V (n®) + (omor — @) Vr, (137)
which gives us another form of the equation of motion

m(dv/dt + fk x V) + V (n®) + (ona — ®) Vz = 7F, (138)
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or, using Eq. (118) in Eq. (138),

n(dv/dt) + fk x v + V (n®) — ((®Po)/dc) Vi = 7F. (139)

G. THE THERMODYNAMIC ENERGY EQUATION

The specific entropy is ¢, In 6 = const, and the first law of thermo-
dynamics is

djdt c,1n 0 = Q/T, (140)

where Q is the heating rate per unit mass. The flux form which éorresponds
to Eq. (140) is

0 a . Q
Ei(ncp In6) + V- (ave,In 0) + %(nacp Inf) =n=. (141)

tﬂ

The first law of thermodynamics can also be written as
c,(dT/dt) = wo + Q, (142)
where ¢, T is the specific enthalpy and
® = dp/dt = né + o(3/0t + v - V)z,

as given by (111). The corresponding flux form is

g;(ncpT) + Y, (ove,T) + 50; (noc,T) = m{wa + Q). (143)

H. THE WATER VAPOR AND OZONE CONTINUITY EQUATIONS

Let g be the mixing ratio of either water vapor or ozone. The continuity
equation for either variable is expressed by

dg/dt = 8§, (144)
where S is the source term. The corresponding flux form is

(0/0t)(nq) + V, - (nvq) + (0/00)ncq) = =nS. (145)
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V. The Vertical Difference Scheme of the Model

A. SOME INTEGRAL PROPERTIES OF THE ADIABATIC FRICTIONLESS
ATMOSPHERE

The following integral properties of the governing equations, or of selected
terms in these equations, are useful in designing the vertical finite difference
scheme.

1. Mass Conservatism

Equation (130) gives

aps _ . 1
=V [ v (146)

The area integral of Eq. (146) over the entire globe makes the divergence
term vanish, which means that the total mass of the model atmosphere is
conserved.

2. Vertically Integrated Horizontal Pressure Gradient Force

With the p coordinate, the horizontal pressure gradient force per unit
mass is —V,®. Vertical integration with respect to mass gives

1 ps
—5 or qu) dp

1 s
——[v “odp - CDSVpS:|
g pr

1 s
—g[v S (® — ) dp + (ps — po) vms}, (147)

where @g = gzg, and zg is the height of the earth’s surface. The first term in
brackets in Eq. (147) is a gradient vector, and a line integral of its tangential
component taken along an arbitrary closed curve on the sphere always
vanishes. Only the second term contributes to such a line integral and
therefore only when there is a nonhorizontal boundary surface can there
be any acceleration of the circulation (any “spin-up” or “spin down” of the
vertically integrated atmosphere) by the pressure gradient force.

With the ¢ coordinate, the horizontal pressure gradient force per unit
da is given by

—1/g{Vo(n®) — [0(@0)/dc] Vn} (148)
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[see Eq. (139)]. Vertical integration with respect to o gives

1 oD 1
ST R N

where the fact that Vo = 0 for ¢ < 0 has been used. From Egs. (110) and
(108) it is easy to show that Eq. (149) is equivalent to Eq. (147).

3. Conservation of Total Energy
The equation of motion (136) readily gives the kinetic energy equation
n(d/d)iv: = —nv- (V,® + oa Vr) + nv- F. (150)

The left-hand side of Eq. (150) can be written in the flux form given by Eq.
(133) with A = 4v? as follows

0 0
=] (adv?) + V, - (nvdv?) + — (mo3v?)
ot/, do

= —nv-[V,® + ga Vr] + nv- F. (151)
The rate of kinetic energy generation by the pressure gradient force per

unit éa/g is thus —nv - [V,® + oa Vr]. Using Egs. (126), (117), (118), and
(111), this becomes

—av- [V, @ +oaVa]= -V, (nv®)+ ®V, - (nv) — orav* Vn

= -V, (nv®) — @ i(rco”)-+—a—1t —onav-Vrn
do ot
o, . , 00 on
=-V, (nvd))—aj;(nad))-i-noa—a——(l)g——onav Vn

] F
=~V (®) - - (15D) + (onx — D) a—’;

—nlol—+v-Vn|+76la
ot

0 . on
-V, - (nv®) — . (no(l) + @0 —9;) — T,

I

(152)
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so that

V, * (nv®) + ; [(a % + m'r) (D:| =nv:[V,® + o0 Vr] — nwa.  (153)
c

The first law of thermodynamics as given by Eq. (143) is
d o .
PP (me, T) + V4 - (nve,T) + P (néc, T) = nQ + mwa. (154)

Taking the sum of Egs. (151), (153), and (154), and integrating with respect
to o from —1 to 1 gives

0 1 1
E[p@s + f_l n(v? + ¢,T) da} +V- f_l (v + ¢, T + @) do

= f_lln(v-F + Q) do. (155)

Here 0n/ot = 0 at ¢ = — 1, dn/dt = Ops/dt at ¢ = 1, ddg/0t = 0 and Egs.
(113) and (114) have been used. The area integral of Eq. (155) over the entire
globe makes the contribution of the divergence term vanish, and total energy
is thus conserved when F = 0 and Q = 0.

4. Conservation of Total Potential Enthalpy and Total Entropy

Under adiabatic processes the potential temperature 6 and therefore any
function of the potential temperature f(#) are conserved with respect to an
air parcel. The flux form which corresponds to df(8)/dt = 0 is given by
Eq. (133), with A replaced by f(0); that is,

(6/00),[=f(0)] + V, - [nvf(6)] + (6/00)[ncf(6)] = O. (156)

Integrating Eq. (156) with respect to ¢ from —1 to 1 gives

g;fjl 2f(0) do + V - f_ll 2vf(0) do = 0, (157)

where f(0) can be any arbitrary function of 6 whose global integral with
respect to mass exists. Because the divergence term in Eq. (157) vanishes
when the area integral is taken over the entire globe, the global integral
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of f(6) with respect to mass is conserved under adiabatic processes. Choosing
f(0) = c,0 gives conservation of the total potential enthalpy, and choosing
f(0) = ¢, In 6 + const gives conservation of the total entropy.

The conservation of these quantities can be interpreted from a different
point of view. For simplicity, consider motion in a stably stratified atmo-
sphere. Under adiabatic processes, air parcels that carry potential tempera-
tures larger than 6, stay above the isentropic surface 0 = 0, and air parcels
that carry potential temperatures smaller than 0, stay below the isentropic
surface @ = 6,; therefore the total mass of air above the isentropic surface
is constant. This holds even when the isentropic surface intersects the
ground, as does the surface # = 8, in Fig. 19. In this respect, the earth’s
surface can be regarded as a continuation of the isentropic surface, as shown
by the heavy line in the figure. Then, for quasi-static motion, the horizontal
average of the pressure on each isentropic surface p(#) does not change with
time. (This constraint was used by Lorenz (1955) in deriving an expression
for available potential energy.) Because (1/g) dp (6)/df is the mass of air
per unit horizontal area and per unit increment of 8 in the vertical, dp (6)/d0
is termed the “mass density function in 6 space.” Since p(f) is constant in
time, the mass density function is also constant in time. Figure 20 shows
the shape of the function for a typical situation. The reciprocal of the density
function is closely related to the static stability (but not exactly related,
unless the isentropic surfaces coincide with the isobaric surfaces).

The global integral of f(#) with respect to mass, where f(6) is any function
for which the integral exists, can be related to the mass density function

7

Fig. 19. Isentropic surfaces, one of which intersects the earth’s surface.

dp
da
TROPOSPHERE
STRATOSPHERE
0

F1G. 20. Schematic representation of a typical distribution of the mass density function
in 6 space.



THE UCLA GENERAL CIRCULATION MODEL 217

as follows
" @) dp = [ 50) L do
0 p= s 0

I I
= (" 10 5% do

Omin

- dp
= f f(@)d—g—da, (158)

Omin

where for simplicity it has been assumed that p; = 0 and therefore 6; = 0.
Here, the bar over the integral denotes the horizontal average; ps and 6
are, respectively, p and 0 at the earth’s surface, and 6, = min (). In
changing the lower limit of the integral from 65 to 0,,,, dp/d0 = O for
0s > 6 > 0,,;, has been used. Thus conservation of the global integral of
f(8) with respect to mass is equivalent to a constraint on the density function.
For example, when f(6) = 6", the integral gives the nth moment of the
density function.

In order to fully constrain the density function, it is generally necessary
to specify an infinite sequence of moments or an integral transform such
as the momentum generating function or the characteristic function. In a
discrete system, however, such a full constraint on the density function is
not possible unless the isentropic surfaces are taken as coordinate surfaces.
In the next subsection it is shown that reasonably simple vertical difference
schemes can exactly conserve global integrals with respect to mass of only
two independent functions of 8, say f(6) and g(#); that is, only two indepen-
dent constraints on the density function can be formally satisified. Con-
sequently, some false distortion of the density function by discretization
errors cannot be avoided in numerical simulation. It is to be expected,
however, that certain features of the density function can be maintained by
proper choice of f(f) and g(0).

The vertical difference scheme for the first law of thermodynamics in the
current UCLA general circulation model has been derived with f(6) = 6
and g(0) = In 0 as the two functions. This choice is based on the following
physical reasoning. Choosing f(#) = 6 guarantees conservation of the first
moment of the density function and, therefore, guarantees conservation of
mean potential enthalpy, which is of physical importance. Lorenz (1960)
showed that if we define a gross static stability S by

~ (B B
s_<po> ) (159)
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where E and (P + I) are, respectively, the potential enthalpy and the total
potential energy of the whole atmosphere and pg is the mean surface pressure,
S becomes a weighted vertical integral of the static stability. Then, because
d(P + I)/dt = —dK/dt, when @ = 0 and F = 0, where K is the kinetic
energy of the whole atmosphere, dE/dt = 0 guarantees

dS/dt = dK/dt. (160)

Thus when potential enthalpy is conserved, energy conversion from total
potential energy to kinetic energy, which requires rising of warmer air and
sinking of colder air, stabilizes the atmosphere.

The earlier UCLA general circulation models used g(0) = 62. That choice,
together with f(f) = 6, guaranteed conservation of the second moment
about the mean of the density function and, therefore, guaranteed conserva-
tion of the variance of the potential temperature. That was a reasonable
choice for the earlier versions of the model, for they covered only the tropo-
sphere and the potential temperature distribution in the troposphere does
not deviate greatly from a Gaussian distribution. That choice also guaranteed
the approximate conservation of the total entropy because

(n6), =6, + [(07/0,)]ms (161)

for small 0'/6,,, where the subscript m denotes the mean and 8 = 6 — 6,,.

However, the potential temperature distribution in the coupled tropo-
sphere-stratosphere system is highly skewed (see Fig. 20); and conservation
of the second moment is not necessarily an effective constraint on the
density function near its maximum, because the very large potential tem-
peratures in the stratosphere make a dominant contribution to the second
moment. With the present choice of g(6) = In 0, instead of conservation of
the variance, there is conservation of (In 6),, — 6,,, which is a measure of the
broadening of the density function near its maximum [see Eq. (161)]. In
addition, g(#) = In 6 guarantees the conservation of total entropy, which
is a quantity of physical importance. Furthermore, as is shown in the next
subsection, the finite-difference hydrostatic equation that is energetically
consistent with this choice of g(8) is very accurate for a wide range of vertical
profiles of temperature.

B. A VERTICAL DIFFERENCE SCHEME WHICH MAINTAINS INTEGRAL
PROPERTIES

In this subsection the vertical differencing of all the basic equations
except the water vapor and ozone continuity equations is presented. The



THE UCLA GENERAL CIRCULATION MODEL 219

vertical differencing is designed to maintain finite-difference analogs of the
integral constraints discussed in the last subsection.

1. The Vertical Index

The model atmosphere is divided into K layers by K-1 levels of constant
o. The layers are identified with odd k and carry the velocity v, the tem-
perature T, the water vapor mixing ratio ¢, and the ozone mixing ratio Oj,.
The levels which divide the layers are identified with even k and carry 76.
The upper boundary p = py, the level p = p;, and the lower boundary
p = ps are identified with k = 0, k = k;, and k = K + 1, respectively
(see Fig. 21). Define, for odd k,

Aoy = 0y q — 041 (162)
then

ki—1 K
Y Agy =1 and Y Ag, =1, (163)
k=1

k=k+1

where )’ represents a summation over odd k.

0 75=0 o=-1
| v,T,9,03

2 TF o=0,
3 e o v, T, q

ky-| ——m—————— e ———_—— \VnTer 03
ky To =0
K| ——— e v T, q,0;

k-2 m— e e v, T,q, 03
k-l o T =0,
k &~ —— \VIT) q, 03
k+l o o =0,
k42 - e e e e e VT4, 05

L2 e v, T,q, O3
| "o o =0'K_
———————————————————— v,T,q, 03
K+1 75 =0 o=l
Fi1G. 21. The vertical structure of the model, showing distribution of the prognostic variables;
solid lines (even k) indicate the levels dividing the layers; dashed lines (odd k) indicate levels
within layers at which prognostic variables are carried (exact position discussed in Section V).

)
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2. The Equation of Continuity

The continuity equation is written in the form

on 1 L .
= V) + A, L@y — @11 =0, (164)

where k is odd. We have

_ {nU for k <k (165)

T for k> k.

With dm/ot = 0 for k < ky, dm,/dt = dm, /ot for k > k, and (n6)g =
(M6)k+1 = 0, Y 5=, (164) A, gives

aTEL K/
L= — Y V- (mw) Ad, (166)
which is an analog of Eq. (130). Because dny /0t = dps/ot, and the area
integral of the right-hand side of Eq. (166) over the entire globe vanishes,
total mass conservation is maintained with this vertical differencing for
the continuity equation.

The quantity (n6), . is given by

I

k
(MO +1 - Z, V - (mevi) Aoy for k < ky,
k=1

k on (167)
(M6hpesy = — Z/ V- (mvi) Aoy — 0x4q _aTL for k> ki,
k=1

which are analogs of Egs. (128) and (129).

3. Flux Forms

For any variable A carried by the layers, the flux form analogous to
Eq. (133) can be written as

0 1 . ~ . .
= (mAy) + V- (mviedy) + — [0 ) 14ks 1 — (R6)—1Ax-1]. (168)
ot Ao,
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where the variable A, defined at the levels between layers, is obtained by
some manner of interpolation from 4. Whatever the form of the interpola-
tion, however, Eq. (168) guarantees that the analog of the global integral
of A with respect to mass is conserved as far as advective processes are
concerned, because Y £, (168) Ao, gives

6 K K
— Y mAy Aoy + Y V- (mvidy) Aoy,
ot =1 k=1
and the second term vanishes when the area integral over the entire globe
is taken.
Equations (164) and (168) give the expression

dA 0
(ng)k:nk<a+vk'v>/1k

1 . "
+ A—O'k [(6)es 1(Ars1 — Ai) + () 1(Ax — Ax—1)], (169)

which when divided by =, gives the advective form for d4/dt which is con-
sistent with the flux form in Eq. (168).

So far, the choice of 4 is completely arbitrary, provided that the choice
does not violate the consistency of the scheme with the original differential
equation. It is possible, then, to satisfy an additional requirement.

Let us require also that the finite-difference analog of the global integral
of F(A) with respect to mass be conserved. Let F, = F(4,) and F; =
dF(A,)/dA,. Then (169) multiplied by F; gives

0 1 . o~ . , ~
2" <;3~t + Vi V) F, + Ao [N+  FilAks 1 — A) + (0)— 1 Fil Ay — A1)}
k
(170)
Using the equation of continuity, (170) can be rewritten as

0 1 -
= (mF) + Vo (mviFy) + —— [+ 1 {FilAw1 — A + Fi}
8[ AO'k

— (m0)— { —Fil4y — "ik—x) + F.}]. (a7
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In order that (171) be in flux form, it is necessary that

Fk+1 = F;‘(/‘Ikn - Ak) + Fk’ (172)
Fk—l = —F;c(Ak - Ak—l) + Fk- (173)

Replacing k in Eq. (173) by k + 2 and eliminating F, ., with Eq. (172) gives

v, = Fhoatins = Fusa) = (it — F) (179
k+2 — Lk

This may be interpreted as a finite-difference analog to the identity

_d(FFA —F)
A= T (175)
When F(A) = A2, for example, Eq. (174) gives
Apry = 34y + Ais). (176)

That this constraint on A4, leads to conservation of the global integral
of 42 with respect to mass was first pointed out by Lorenz (1960).

4. Vertically Integrated Horizontal Pressure Gradient Force

In order to maintain the property of the vertically integrated horizontal
pressure gradient force discussed in Section V, A, 2, it is convenient to start
from the form given in Eq. (139). The terms V (n®) — 0/00(®s) Vr are
written for odd k as

| BN -
V(mD,) — B;—((Dk+16k+1 — @104 —y) V. (177)
k

Again, the caret is a reminder that a variable is evaluated at the levels,
that is, at even k. The analog to Eq. (149) is

_L S (180) Agy = g[v ( S (@, — ) Aok) (s — o) Vcﬁs]. (178)

gdr=1 k=1

In this way the integral property is maintained.
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The terms in (177) are equivalent to
T VO, + [@ — (1/Ac )@y s 10041 — Brm10- )] Ve (179)
If we let
mloo) = @ — (1/A0 ) @ps 1044 — By 10— 1), (180)
(179) can be written as
[ VO, + (60 V], (181)

which is the analog to n{V® + oa Vn), another form of the horizontal pres-
sure gradient force. Equation (180) provides an analog to Eq. (118), one form
of the hydrostatic equation. However, because @ is not yet specified, Eq. (180)
must be considered at this stage only a definition of the symbol (oo)y.

5. The Kinetic Energy Equation

Following (169), the acceleration term is written as

d 0
(Tt d—:>k = [5 + (Ve V):| \A

+ A‘fﬁ [+ 1(Veer — Vi) + (@)1 (ve — V_p)]- (182)

To have a flux form for v, - (n dv/dt),, Eq. (176) is used with A = v; that is
Virs = 7V + Vieia). (183)

This guarantees the conservation of total kinetic energy, insofar as vertical
advection is concerned. The finite-difference expression for the kinetic energy
in a vertical column per unit horizontal area is

" 1vi3(m Ao),. (184)

1

k]

Q| =

k
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To obtain the kinetic energy generation in finite-difference form, the pro-
cedure used in deriving Eq. (152) is followed:

— V- [V® + (00) V]

1 omy
= =V (v @) — O, |:Ko_—k {(nd')kﬂ - (nd')k—1} + ‘ént—:|

- nk(aa)kvk * VTCk

It

1 . - . -
~V (v, @) — E {(ﬂa)k+ 1Pry — (na)k—lq)k—l}
k

1 - -
+ Xa_k [(0)e+ 1( @i+ 1 — b)) + (O)— (D — Dp—1)]

on

X
- — — moo) v, - V7
k OOV X

1 - -
=~V (mv, @) — Ao, {(nd)k+1q)k+1 - (no.')k—lq)k—l}
k

om 5, 1
+ {mloa), — @} T 78 I:(aa)k <5; + v, V) T, — v

x {(né)k+1(&)k+l = D) + (n6)-1(Py — &)k—l)}]

I

1 . on,) =
=V (i @) — E[{(na)k+l + O+t a—tk} Dy
X

- {(ﬂd)k—1 + Oy %7%} &)k—-l:l — Mo (185)

Here (wa), is defined by

@) = i (5 + 0 ) m

{(m6) + [ Dsr — DY) + (M6)e— (D — &)k—l)}~ (186)

, Aoy,

At this stage, Eq. (186) is the definition of the symbol (wa),.
From a finite-difference scheme for the first law of thermodynamics,
another expression for (we), will be derived. With Eq. (186), this will deter-



THE UCLA GENERAL CIRCULATION MODEL 225

mine a form for (oa), that, with (180), will fix the discrete form of the
hydrostatic equation.

6. Thermodynamic Energy Equation

In this subsection, a vertical differencing of the thermodynamic energy
equation is presented that maintains conservation of total potential enthalpy
and total entropy under adiabatic processes.

To conserve an analog of the global integral of the potential temperature
0 = T(po/p)y* with respect to mass, the form given by (168) is used with
A = 0. Then,

o 1 . ~ . ~
—(mbi) + V- (meviby) + — [(m6)e+16k+1 — (R6h—10,—-1] = 0, (187)
ot Ao,

where the heating term is omitted for convenience. Here
0. = Ti/Py (188)

and P, is an analog to (p/py)* for the layer k. The actual form for P, used
in the model will be described later. Here it is sufficient to assume that P,
is a function of n,, 6)._,, and o, ; only.

The earlier versions of the UCLA general circulation model used 8, ,, =
36, + 6,+,) following Eq. (176). The present model, however, requires
conservation of an analog of the global integral of In 6 with respect to
mass. Equation (174) with A = 6 and F(A) = In 0 gives

~ Ing, —Ing,,,

T e 10, )

The corresponding advective form is given by

5} 1 a ~
T, (5{‘*‘ A\ V) 0, +‘A‘;;[(7Td')k+ 10k + 1= 0 )+ (6 1(0— Oy - 1)] =0. (190)

Substituting Eq. (188) into Eq. (190) gives

nk<a+vk V) Tk_nkP_ka_nk<5[_+ Vk V>7Ck

1 ~ N
+ A—ak [N+ 1(Pbis 1 — Ti) + (m6)—1(Ty — Pibi—y)] = 0, (191)
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or, introducing T to make the left-hand side an analog of nd(c, T)/dt,

0 1 . A . -
Ty <5;+ Vi V) c, Ty +E [(m6 ) + 1ol T 1= Ti) + () - 10(Ti —~ T,-1)]
k

c o L1 0Py

) 1
= Pk 57tk<(3t+ % V>nk+#—[na)k+lc (Tes1—PiOisy)

+(7Td')k—1cp(Pk9k—1 - Tk—1)]- (192)

The dependence of T on the odd index temperatures need not be specified
at this point. The left-hand side of Eq. (192) may be written in flux form, as

é L oA A
= (ne, Ty) + V- (mvie, Ty) + (nak+1Tk+1 = 61 Th-y)- (193)

7. Total Energy Conservation and the Hydrostatic Equation

In order that the total energy be conserved under an adiabatic, frictionless
process, the right-hand side of Eq. (192) must agree with m,(we),, where
(o), is defined by Eq. (186). For k < k,, m, = my = const and therefore
(o/0t + v, - V)m, = 0. For k > ki, (6/0t + v, - V)m, is generally not zero, so
that it is necessary to require

¢, Ty OP,

(o), = P, 575

for k> k. (194)

Comparison with Eq. (180) which also defines (o), gives

T, 0P,

o R

(@rs 10641 — Pemy0i—y) = k > k. (195

1
Aay
This is the form of the hydrostatic equation that corresponds to Eq. (118).
It must also be required for all odd k that

Cp(Tk+1 - Pk9k+ 1) =@ — (i)k+1 (196)
and

Cp(Pkgk—l - Tk—l) = (i)k~1 - @ (197)
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Rearranging the terms,
(€ Tisr + Pusy) = (€, Th + ©) = Prcy(0 1 — 00, (198)
and
(Ti + @) — (¢, Tiy + Dyy) = Pecy(6 — O ) (199)
where 0, ., (and therefore 8,_,) is given by Eq. (189). Equations (198) and

(199) are analogs of the form of the hydrostatic equation given by Eq. (122).
Replacing k in Eq. (199) by k + 2 and adding it to Eq. (198) gives

(pThrz + Dpyz) — (¢, Ty + D)
= Cp[Pk+2(9k+2 = Okr 1) + Pulbsy — 0], (200)

or, using Eq. (188),
Oy — O = —c(Pry; — Pk)0k+1' (201)

Equation (200) is an analog of Eq. (122) and Eq. (201) is an analog of Eq.
(120). Using Eq. (189),

In 0., — In6,

Dpyy — O = p (1/6,42) — (1/6,)

(Piv2 — Py (202)

Equation (202) is a finite-difference approximation of Eq. (121):
0® = c,[d In 6/d(1/0)]5(p/po)*

or of
0@ = c,[d(p/po)/6(1/6)]6 In 6.

Equation (202) is used to compute @, for odd k. To do so, it is necessary
to know @ at a single odd k, say k = K; and Eq. (195) can be used for this
purpose. From Eq. (195),

K K
Z/ q)k Ao_k _ (DS — Z/ T CPTk aPk

L =
k=ki+1 k=kg+1 P, om

Ac,. (203)
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However, Z,’“‘: u+1 O Aoy, can be written as

K K
z' O, Agy = Z' DO l04+1 — O-1) (204)
k=kg+1 k=kr+1
K-2
= O + Z( Oi+ 1P — Dysz)
k=ki+1

Equations (204) and (203) then give

K T aP K-2
Oy = Og + Z( n L Z' Gp 1 (D — Dy p) (205)

k=ki+1 P, om k=ki+1

8. Summary of Subsections 5-8

A vertical difference scheme has now been constructed that maintains the
property of the vertically integrated horizontal pressure gradient force, total
energy conservation under adiabatic and frictionless processes, and conser-
vation of # and In 6, integrated over the entire mass under adiabatic processes.
The function P,, however, which is an analog to (p/py)* for the layer k,
remains to be determined.

a. Pressure Gradient Force. From Egs. (180) and (194), expression (177)
becomes
¢, T\ 0Py

& Pk a—nk - q)k> VTCk, (206)

V(r D) + <7t

where

n = 47U =P~ Pr for k <k
, L = ps — Pps for k > k.

b. The Hydrostatic Equation. Equations (205) and (201) give

K ¢, Ty 0Py K',Z ~
Q=05+ Y m P on Y Ok+1Ce0k+ 1(Pis2 — Py), (207)
k=ki+1 i Ty k=ki+1
O — Oy, = Cp(Pk+2 - Pk)ék+la (207)
where
o Inf, — In6,,

H T W6 — (1/6) .
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c. The Thermodynamic Energy Equation. Using Eq. (193) for the left-
hand side of Eq. (192), rearranging terms, dividing by c,, and restoring the
the heating term gives

0 1 ~ ~
— @ T) + V- (uviTy) + — [(m6 s 1(Piby+ 1) — (06)— (Pl 1))
(3t AO'k

T,0m (0
Ty F:a—n: (" -+ \/D V> U + nka/Cp. (209)

ot

C. VERTICAL PROPAGATION OF WAVE ENERGY IN AN ISOTHERMAL
ATMOSPHERE

In this subsection, the effect of the vertical differencing scheme in current
use in the model on the vertical propagation of wave energy in an isothermal
atmosphere is examined. The material presented here is based on part of a
forthcoming paper by Tokioka. His study provided the foundation for our
choice of the depth of the layers and the function P, in the stratosphere.

1. The Vertical Structure Equation—Continuous Case

The quasi-static system of equations, linearized with respect to perturba-
tions on a resting, isothermal basic state, may be written with the pressure
coordinate as

ou . 1 o
0 bk
o (2Q sin @)y + acos g oA 0, (210)
o + (2Qsin p)u + 1o¢ = 0, (211)
ot ade
T
a_,1R =0, (212)
ot ¢ P
d¢/0p = —RT/p, (213)
ou d(v cos @) o 0, (214)

acos @ él  acos @ dp _6;—

where A and ¢ are longitude and latitude, u and v are the eastward and north-
ward components of the perturbation velocity, ¢ is the perturbation geopo-
tential, w is the perturbation p velocity, T is the perturbation temperature,
a is the radius of the earth, Q is the angular speed of rotation of the earth,
and T, is the constant temperature of the basic state.
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Let us consider a solution of the form

= Re expli(sA + ot)],

5 D D

u
v
¢
T/

(215)

where s is the longitudinal wave number, assumed positive, and o is the
angular frequency. A positive ¢ then represents a westward-moving wave
and a negative ¢ represents an eastward-moving wave. Using Eq. (215),

Egs. (210)—(214) become

is

iofl — (2Q sin @)d + =0

acos @

icd + (2Q sin @) + (1/a)(0¢/dp) = 0,

icT — (RTy/c,p)id> = 0

a¢/op = —(R/p)T,

(D cos
istt + % ¢)

~

+ acos 00>

t
e

(216)

(217)
(218)
(219)

(220)

Following the theory of the atmospheric tides, # and ¢ are eliminated

from Eqs. (216), (217), and (220), giving
& (ied) = 4a*Q0d>/0p),

where the differential operator . is given by

(221)

o [1—u? 8) 1 (sf2+u2
= - (524 = +
ou (fz—/f@u = \uf? -

and
W =sing and f = o/2Q.
Equations (218) and (219), on the other hand, give

0/opliod) = —(R*To/c,p*)d.

2
1 —py?)

(222)
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Eliminating ¢ between Egs. (221) and (222) gives a single equation for @,
L (@) + (c,p*/R*To)4a*QXd*®/op*) = 0. (223)

Let
o = F(wW(p). (224)

Then Eq. (223) can be separated into horizontal and vertical structure
equations, given respectively by

LF = ¢F (225)
and
d*W/dp* = —(kHo/h)(1/p*)W, (226)

where ¢ is the separation constant, h is the equivalent depth defined by
e = 4Q%a%/gh, H, = RT,/g is the scale height of the isothermal atmosphere,
and k = R/c,.

Transformation of the dependent variable in the vertical structure equation
(226) from W to W = (p/po)” }?W gives

AW/ = —n*W, (227)

where { is —In (p/po), the height scaled by H,; p, is a standard pressure;
and n is defined by

n = (k(Ho/h) — D2 (228)

The quantity n gives the vertical wave number and therefore a measure of
the index of refraction for vertical wave energy propagation. For a given
equivalent depth, the vertical wave number » is constant in height. When n
is real, the waves are oscillatory in height (internal waves), and transfer
wave energy vertically; n is real for the range 0 < h < 4 kH,, that is, for
& > (Qa)*/gxHqy (~10 for T ~270 °K).

The thin line in Fig. 22 shows n as a function of the parameter &. Here
T, = 270 °K and therefore H, = 7.91 km. The vertical wavelength is ap-
proximately (49.7/n) km.
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200y’
gh
FiG. 22. Comparison between the vertical wave number n in the differential case, defined
by Eq. (228), and that given by the vertical difference analog of the vertical structure equation
(243).

€=

2. The Vertical Structure Equation—Discrete Case

That the vertical wave number is constant in height for a given equivalent
depth means that the index of refraction is constant in height, so that no
internal reflection of wave energy takes place. This important property of
an isothermal atmosphere is not necessarily maintained in a discrete model,
where vertical differencing is employed. It will be shown here that the vertical
differencing described in Section V, B maintains that property when the
depths of the layers are equal in log p and

Py = [(Px-1Px+ 1)1/2/Po]x- (229)

Using the vertical index k of Section V, B, the discrete versions of Egs.
(216)—(220) may be written as

is -

iodh, — 20 sin 9B, + —— $, =0, (230)

iod, + 2Q sin o, + (1/a)(0¢/09) = 0, (231)

ioT, — (To/Ap)Qi'@r—y + Si'dpsy) = 0, (232)

(igk - $k+2 = cp(Sszk + Q23 Ter2), (233)

g, + 2Be050) S ) 4 gcos o Bt = Bimi) = D) _ g, (234)
@ P

where S,', S,2, Q,', and Q,* are coefficients which depend on the vertical
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differencing of the thermodynamic energy equation and the hydrostatic
equation.

With the vertical differencing given by Eqs. (209) and (201), the coefficients
are defined as follows:

=

le = (Pk/TO)(Hk—l - gk)a (235)
Skl = (Pk/TO)(ak - ék+1)’ (236)
Si2 = (1/P)(Pss — P00+ 1/30,), (237)
Qfz = (1/Pus2)(Pusz — P(@0ir 1/00;1 ), (238)

where the overbar denotes the basic state. For an isothermal basic state,
with the definition of 6,,, given by Eq. (208), these coefficients become

In (P,_,/P,) ]
l=Q2= -1+ —F—=—~ 239
R e~ )
In (Pyy2/Py)
St =582=14 — K2 K 240
S T = (Pyua/P) 240
The equations corresponding to Eqgs. (221) and (222) are then

g(ia(’i’k) = 40292[(®k+1 ~ @-1)/Apy]s (241)

io(¢r — Pr+2) = CoTo[(Sk/Ap)(Quwy—1 + Siwy+1)
+ (Qk+2/APk+2)( Qs+ 20k 41 + Ses2043)],  (242)

where the superscripts of S and Q can now be omitted. Equations (224),
(241), and (242) give a finite-difference analog of the vertical structure
equation (226):

Wior =Wirs Wi =Wiis _ CTo
Ap, Apis s gh

Qx+2
Apyis

Sk
— (O W, _ W,
[Ap,,(Qk -1+ ScWer1)

+

(Qr+ 2 Wit +Sk+2VVk+3)]- (243)

When the even levels are chosen such that the intervals are equal in log p,

Di+1/Pu—1 = e (244)

for any odd k, where the constant d is the depth in { of each layer in the
model. With the choice of P, given by Eq. (229), P,_,/P, is then constant
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and, therefore, the coefficients S, and Q, are constant. Equations (239),
(240), (244), and (229) give

e " — 1 — kd
G =0= T Z o (245)
—e
and
xd 1 _ d
S;=s=2"— "5 (246)
e — 1
In addition,
Dr+1 DPr+1 1
= = —, (247
Ap, P+t — Pr—1 1—e™? )
and
Pe+1 Pr+1 _ 1 (248)

Apis 2 —Pk+3 — Pr+1 e — 1

which are also constant. Multiplication of Eq. (243) by p,., and use of
Egs. (247) and (248) gives a constant coefficient difference equation for W,
whose solution is formally identical to the solution of Eq. (227). As a result,
the vertical wave number » is constant in height for an isothermal atmo-
sphere, just as it is in the continuous case. Spurious computational reflection
of wave energy due to the discretization is thus prevented as far as a resting
isothermal atmosphere is concerned. For these reasons, an equal interval
in log p between even levels and the function P, given by Eq. (229) have
been chosen for the stratospheric part of the model (see Fig. 1). A value of
d = 0.657 is used, that is, ¢* = 1.93.

The heavy line in Fig. 22 shows the index of refraction obtained from the
discrete model for the same isothermal atmosphere as in the continuous
case. Although n is constant in height, there is some unavoidable error as n
approaches n/d, the highest resolvable wave number.

D. FINAL DETERMINATION OF THE VERTICAL DIFFERENCE SCHEME

Thus far, each layer of the model and its corresponding representative
temperature T, potential temperature 6,, and geopotential ¢,, have been
identified by an odd value of the index k. The variables 6,, ¢, and T, are
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uniquely related once the function P, is defined. For a time integration,
it is unnecessary to specify the particular levels within the layers at which
these variables are carried. However, when it is necessary to compare the
model results with observations or when it is necessary for the purpose of
actual numerical weather predictions to initialize the model from observa-
tions, levels must be chosen, somewhere near the center of each layer, to
which the values of T,, 8,, and ¢, can be assigned. The same odd index k
will be used to identify such levels.
Once the function P, is specified, it is logical to define p, by

(Pu/Po)* = Py. (249)

The odd levels p = p, determined by Eqgs. (229) and (249) are constant
pressure levels (and, therefore, constant o levels) centered in log p. Then,
with 0, = T\ (po/p:)", no discretization error exists in the definition of the
potential temperature.

The discrete hydrostatic equation, however, given by Egs. (207) and (207’),
is generally subject to discretization errors. As Phillips (1974) pointed out,
these errors can be intolerably large unless the function P, is properly
chosen. The function P, has already been defined for the stratosphere
(k < k) by Eq. (229), based on considerations of vertical energy propagation.
This choice turns out to be satisfactory from the point of view of the accuracy
of the discretized hydrostatic equation as well. The difference @, — @, ,
given by Eqs. (207') and (208) is exact for an atmosphere that is isothermal
between levels k and k + 2.

For the troposphere, however, the function P, has not yet been defined.
The earlier UCLA general circulation models, including the earlier version
of the 12-level model, used Eq. (249) with P, = [L(pc_y + Pes1)/Pol™
Phillips has pointed out that with such a choice, calculation of 6, from
given @, (which is a necessary procedure for initialization of the model for
numerical weather prediction from an observed initial geopotential field)
shows a large amplitude oscillation in 8, from level to level. Phillips showed
that P, given by

1+x

_ 1 1 Pé:f—‘Pk—l
Pl + K Pray — Pu—y

P, (250)

drastically reduced this deficiency. Tokiocka shows in a forthcoming paper
that use of Eq. (250) does give the exact value of 8, from ®, when the atmo-
sphere is isentropic. He also showed that the optimum choice of P, for a
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polytropic atmosphere, for which T,(po/p,)° is constant in height, is

1[ 1 (piif—péff]"

P =
. P |1+ @ pyi1 — Py

(251)

The current version of the model uses a = 0.205, which approximately
gives the normally observed stratification.

VI. The Horizontal Difference Scheme of the Model
A. THE GOVERNING EQUATIONS IN ORTHOGONAL CURVILINEAR

COORDINATES

Let the orthogonal curvilinear coordinates be ¢ and #. Let the actual
distances corresponding to d¢ and dn be (ds); and (ds),, respectively, and
define the metric factors m, n such that

(ds)é = (1/m) d¢, (252)
and
(ds), = (1/n) dy. (253)
n+an
aq
n
n\ J
¢ AE g+ag
m

F1G. 23. A rectangular area element in the plane of the orthogonal curvilinear coordinates

& .

For the rectangular area element in the £ — # plane shown in Fig. 23,
the actual lengths of the sides are Aé/m and An/n, and the enclosed area is
thus A¢ An/mn. Let the component of v in ¢ be u and the component of
vin# be v.

1. The Equation of Continuity
The divergence is

Oc[u(An/n)] + 6,[v(A/m)]

A mBnm) @4
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where J, and 6, are increments in the ¢ and # directions, respectively. In
the limit as A&, Anp — 0, the divergence can be written

0 (u 0 (v
Vd V= mn l:& <;> + "(% <;):|, (255)

and the equation of continuity (126) thus becomes

o(n d(f uy o[ v 0 (né
)R- )0

2. The Equation of Motion

The equation of motion (136) may be written as

g—:+dg—:+(f+{,’)kxv+V(%v2+<I>)+aocVn=F, (257)

where, by an argument similar to that for the divergence, the vorticity
{ = k-V x vcan be expressed as

SHORC)

The & component of (257) is then

ou . Ou d (v 0 [u
aren om0 -5

0 on
+ m(,j—‘f(%u2 + 30® + @) + maaég = F,. (259)

Rearranging the terms,

+ m|:a— + oo —:| = F,. (260)
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Similarly,
+ uv+nuv+ 8v+ f+mnlv o1
i hid RIS Lyl
ot o¢ on 0 o¢ onm
o on
s Zl=F,
+n [5’1 + o 5’1:| , (261)

Combining (256) and (260} gives the flux form for the u momentum equation
ot \ mn dE\ n on\m oo \mn "
f 01 o1
l:mn T 6én “ on m ch

| 0D on n
il e e

and the flux form for v is similarly obtained,
Ot \ mn dE\ n on\m do \ mn
mn 0¢n on m &
[0}
+ 1[5—’7 + oa aﬂ] = F, (263)

The general circulation model uses the spherical coordinates ¢ = A
(longitude) and # = ¢ (latitude) where 1/m = acos ¢ and 1/n = a. Thus,
from this point on, consideration will be restricted to those coordinate
systems such as spherical (or cylindrical) in which m and »n do not depend
on ¢,

From (262) the (relative) angular momentum equation can be obtained,

Of(muy, Ofmuu)\ 0 (mou) 0 /[n6u
ot \mn m 0\ n m on\m m do \mn m

f 7w o @ 0 n| = F;
[%r—z; + 5&%-}_00‘6_6% —%m- (264)
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3. The Thermodynamic Energy Equation

The thermodynamic energy equation (143) can be expressed in curvilinear
coordinates as

o (= 0 0 (mv 0 (n6
T TV + S (Bt 4 p S(22
6t< e >+05< “ >+8n< “p >+p (')a<mncp0>
Jo(n uon v on i
—naa<§<ﬁ>+;%+—ﬁ%>+%Q. (265)

B. HorizoNTAL DIFFERENCING OF THE GOVERNING EQUATIONS

Despite the introduction here of the use of the ¢ coordinate and the pres-
ence of metric factors, the manner of derivation of a difference scheme for the
continuity equation and for the advection and coriolis terms in the u and v
momentum equations so closely parallels the methods presented in Section
II1, C that the representation chosen for these terms will be presented here
without elaboration. The new considerations introduced by the requirement
of total energy conservation in a three-dimensional domain will be explained
more fully.

1. The Continuity Equation

For the continuity equation (256) multiplied by A¢Ay, the following form
is chosen

g n‘ L+ (3F); + (6,G) 1+ ﬁ(&as'){{ ;=0 (266)
k

where

[ = =n(A¢ An/mn), F = nu(Ay/n),
G = mw(AE/m), S =T]o. (267)

The vertical index k now appears as a superscript on all variables except =
and []. Although = and [] do have different definitions for k < k; and
k > k,, the superscript is dropped for simplicity.
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iy j-1

F1G. 24. A n-centered portion of the spherical grid showing points of definition of the fluxes
introduced in Eq. (266).

For the mass fluxes F and G, shown in Fig. 24, the following forms are used:

A k
Fiiip, )= <“ _11) s 1/2. (268)
n Jiv1/2,j
where
[u(An/n)]i-‘+ 1/2,j = ”§+ 1/2,j(A’1/n)j (269)
and
Glic, j+1p2 = [U(Af/m)]fﬁ 1/27_5?, j+1/25 (270
where
[U(Af/m)]i{“ 12 = Ui'(, i+ 1/2(A£/m)j+ 1/2- (271)

The superior bar operator, which is a linear smoothing operator in &, should
be ignored for the present. The form and role of this operator will be described
in the next subsection.

2. The Momentum Advection Terms

The form chosen for the terms
0 A¢ Ay 0 Ay
o <n o u) + A¢ BE <7‘cu . u)

+Ani nvA—éu -+-i néMu
on m ot mn
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from Eq. (262) multiplied by A¢ Ay is

G _ s
5(]‘[‘“>u"),~, i+ [55(97 W) + 5,4V + S.(F“ut)
k

+ 3, AFu") + L 56(3(“"11")] . (272)
AO'k .

i, j

If the variables [[* and $® at u points and #®, ¥, #® and @ shown in
Fig. 25 satisfy the constraint

0 (u) 5. FW 5.4W S.FW 5.9 1 5.5 - = 0. (273
E]‘L,J-+ FY+ 6,9 + 6.7 + 5, + Ag O =0, @7

i J

then conservation of kinetic energy under a pure advective process is
maintained.

bl

F1G. 25. A u-centered portion of the spherical grid showing points of definition of the flux
terms introduced in Eq. (272).

With F* and G* defined by
Ff;=(F,; G =(G); (274)

the following choice for the fluxes in Eq. (272) is guided by Eq. (95):

975"43 1/2,j = %(F*W)H 1/2,j
ggu)ﬁ 12 = %(—G_*”é)i,j+ 1/2
Finjerys = (G + F¥)ii102, i+ 172
gg'ﬂl/z,j+ 1/2 = é(?" - F—i")i—l/z,ﬂ 1/2- (275)
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Then Eq. (273) is consistent with the continuity equation (266) if
o = (ﬁéw)i,j (276)
and
S¢. = ($*), .. (277)
For the v-momentum equation (263) multiplied by A¢ Ax, a form identical

to (272) is used, but with u replaced by v. The definitions corresponding
to (275)—-(277) are then

975‘2 12, = %(F’Eé")w 1/2, j»
gfv)ﬁ 12 = %(G*éé)i+l/2,j+1/2’
975'21/2,1'+1/2 = %(G*é + F*c)i+1/2,j+ 1/2»
ggv—)ll2,j+ 1/2 = %(G*é - F*é)i—l/z,j+1/2a (278)
2= (T 5 (279)

and

SEL = ($°"),. (280)

i+
3. The Coriolis Terms

From Eq. (262) the contribution from the coriolis force plus the metric
term to d(] Ju)/or is

AE Ay o1

and the corresponding contribution to &([ [v)/dt is

—[ éé—An — u A& Ani—lil . (282)
mn on m

A variable C¥ is defined at n points by

ct, = f (Aé An) — (@0, (%) (283)

mn
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Then, the following form is used for (281) at a u point (i, j):
(=Co )t ;; (284)
and for (282) at a v point (i + 1/2,j + 1/2),
~ (T Ve 125112 (285)

This choice of differencing does not lead to any false generation of total
kinetic energy.

4. The Pressure Gradient Force

As in Eq. (262), the pressure gradient force in the & direction can be written

as
n| oD on
- = — | 286
" [ E + oo 3 5:| (286)
The form chosen for the first term is

TC(?(I) k 1 A’? o
“\no¢ = s (@ 0@ 5 287
<n o¢ >i+1/2,j A¢ Ay n; ( D)iv 1, (287)

Continue, for the time being, to ignore the bar operator.
Corresponding to the relation

ndd 1|0 on
‘za—fﬁ[éz"’q’)“q’a?]’

Eq. (287) can be rewritten in the form

7 0D \* 1 Ap — .
_<; —a—g>i+1/2’j = —Mn—j [547{@) — d 5§n]i+1/2,j' (288)

To be consistent with Eq. (288), the following form is chosen for the second
term in Eq. (286),

. om\* | .V —
2 gu 2= = —— = < k .
(n oo 65>i+1/z,j AZ An 7, (moa)* d.m)isy)2, ; (289)
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where, through the application of Eq. (194) at each grid point,

1 oP*
s P

where Pj ; is defined by Eq. (251).
Adding (289) to (288) gives a form that corresponds to

1 [6(71@) 0 (@0) 6_11]

nl 8¢ oo o

from which it can readily be shown that the properties of the vertically
integrated pressure gradient force discussed in Section V, A are maintained.
In summary, the pressure gradient force which contributes to (9/0t) x

(H(u)u)er 12,518

A
— L[R50 + (on) 0t a5 (291)
J

Similarly, the pressure gradient force which contributes to 8/6t ([ J”v) ;41,2
is

A¢

M;iq

[7" 6,9* + (7o) 6,7 1% ;41,20 (292)

where (noa)f ; is given by Eq. (290).

5. Kinetic Energy Generation and the Thermodynamic Energy Equation

The contribution of the pressure gradient force to the kinetic energy
generation, 0/0t ([ [*$u®)t, ., ;, is obtained by multiplying Eq. (291) by
ufs 1,2, ;- Then the kinetic energy generation is

A\ — ——— x
—|u— [Tfé 6éq) + (T(O'OC)': 5§n]i+1/2,j' (293)

B Jiv1y2,

From the form of the superior bar operator, it can be shown that Eq. (293)
is equivalent to

An\F _ N ‘
U — [72 6.0 + (mo0)* 8 lis 12, js (294)

i+1/2,j
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in the sense that the difference R, , ,,, defined by
Riyip = (293) — (294)
vanishes when the summation over all i is taken;ie.,

Z Riv12 = 0.

Using the definition of F given by Eq. (268), Eq. (294) becomes
~[F 6:@ + u(An/n)(mod)* S )ty 1)z, ;- (295)

It can then be shown that

x

(95 = [CI)(S{F - (u %) oo 0.1 ]k . 296)

i i, j

Similarly, the contribution of the gradients of ® and = to 8/0t ([ [*'3v?) ;
is given by

n

Y |:<I>5,1G - <v émé> (noa)' 8,n ]k ) (297)

J ij

Now Y ;(296) + Y (297) give the discrete form of the total kinetic genera-
tion by the pressure gradient force, —nv - [Vo® + oo V). It is useful to
note that ), [first term of (296)] + > ; [first term of (297)], which gives the
contribution of ®;} to the kinetic energy generation, can be written using
the equation of continuity (266) as

[anu 4+ (Sk+ 1 Si(‘—] 1 :l (I)i" - (298)

The derivation given in Eq. (185) leading to a finite-difference expression
for wa can be followed exactly, but now with the horizontal differencing
specified as well. Using such an expression in a manner completely analo-
gous to the procedure in Section V, B, 8, allows us to write the thermo-
dynamic energy equation given in Eq. (209), with the horizontal differencing
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incorporated, as

15} _ _ 1 o
E(HT){'CJ + [04FT%) + 6,(GT]f ; + EP{-‘,,'CZ(SG)Q‘,J'

p— & == n "
_1 [(noa)% + uAn—n(??mT)éégn + v%(rc—mx)y’a,,n + HQi| , (299)

L, J
where (ro0)} ; is defined by Eq. (290).
C. MODIFICATION OF THE HORI1ZONTAL DIFFERENCING NEAR THE POLES

1. Modification of the Difference Equations

The poles are singular points of the spherical coordinates and the velocity
components cannot be defined there; the poles are thus taken as m-points.
The value of = at the poles must change as a result of the meridional mass
flux G, defined by Eq. (270), at all the points on the nearest latitude circle
where the meridional velocity component v is carried.

Consider the case of the North Pole, identified by j = p in Fig. 26. To
simplify the computation, the pole is treated as if it were a group of points.
Each point has index i and represents the shaded area shown. Defining
[ ,and S',-, » based on that area, the equation of continuity (266) is applied
to j = p, omitting all horizontal mass flux terms except Gf ,_,,. After
computing o] [/dt and S for all i, the average is taken.

At the grid point (i, p — 1/2, k), the form chosen for the first line of (263)
multiplied by A¢ Ay is

4, e -
E(H(U)U)ﬁp—uz + 54(5;*(”1)5)?,;;— 12 — (g('])vr’)’i(,p—l

- (ﬁ(l})vél)?—l/l,p—l - (g(v)ﬁnl)’ici- 1/2,p—1 + 50(S‘EU ?,p—l/Z‘ (300)

F1G. 26. A polar segment of the spherical grid showing mass fluxes.
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Invoking the consistency requirement that the global sum of [ [ be equal
to the global sum of [ | gives

O = ${0 i + L1 o1 + 20T s + 11 p-0) + TLiv1. s
+ Hi+1,p—1} + 3 x %(ni—l,p + 2Hi,p + l_[i+1,p)' (301)

The definition of $® is readily obtained by replacing [] everywhere in
Eq. (301) by S. The requirement for kinetic energy conservation during
advective processes alone given in Section III, C can be shown equivalent
to the requirement that the new variable #* be chosen such that (300)
vanish when v is replaced by a constant value, which can be taken as unity.
The resulting equation can be shown consistent with the continuity equation
(266)and 8/t [ , = G ,— ) if

fl 1/2 p—1/2 = 3F1 1/2,p—1>» (302)

where F* is defined by Eq. (274).
In a similar manner, at the grid point (i, p — 1, k), the form chosen for
the first line of Eq. (262) multiplied by A¢ Ay is

0 _
a(l—[(u)“)ﬁpﬂ + O F TN - — (G s,
— (FYuN_y)p, pmzp — (G 12, p—3/2 + (Sﬁ ip-1 (303)

Again, it is required that the global sum of [ [ be equal to the global sum
of [ ], which gives

iu)p 1 = S{Ht 12,p + l—IH—l/Z » + 2( Hi—l/Z,p—l + ni+1/2,p—1)
+ [li-1/2,p-2 + [Tiv1/2, p-2) + %{3(1_[1'—1/2,,; + [iv1/2,0)

+ Hi—l/Z,p—l + Hi+1/2,p—1}‘
(304)

The definition of $* is obtained by replacing [ everywhere in Eq. (304)
by S. For kinetic energy conservation durlng advective processes alone, it
is necessary that (303) vanish when u is replaced by unity. The resulting
equation is consistent with Eq. (266) and (9/01) [ |, , = Gt 5 if

i,p—1/

Ft a1 =6@FE 1n o1 + Frup p-2). (305)
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2. Longitudinal Averaging of Selected Terms Near the Poles

To avoid the use of the extremely short time interval necessary for com-
putational stability due to the convergence of the meridians toward the
poles, a longitudinal averaging is done of selected terms in the prognostic
equations.

For the purpose of illustration, consider the simple system of linearized
equations that governs a gravity wave on the spherical earth:

du 1 ¢
ot * acos oL 0 (306)
o 104
ata 55 =0, (307)
0 gH (0u  0O(vcos @)\
ot + acos @ (6/1 + o =0 (308)

where H is the equivalent depth. Other symbols are as defined in Section V,
C. Because our concern here is only with waves that have frequencies
sufficiently higher than the earth’s rotation rate, the coriolis force has been
omitted for simplicity.

With the grid shown in Fig. 26 and a space finite differencing consistent
with that of the model, the discrete analogs of Eqs. (306)-(308) can be
written as follows:

s 12, 1 L

ot acos @ AL (5l¢)i+1/2,j =0 (309)

ov; 11
TH T kg, Gtk =0 (G10)

o; gH 1 1 _
ot + 7cos @ [Ai (d,u) + Ao 6, (v cos go):lij = 0. (311)
Let us consider a solution of the form

ey, = Re {8y exp [(s(i + 1/2) A + on)]) (312)
vi’j+ 1/2 = Re {ﬁj+ 1/2 eXp [lT(Sl Ai + O-t)]} (313)

¢ ; = Re {$; exp [i(si AL + o)]} (314)
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where 7 = / — 1. Substituting Eqs. (312), (313), and (314} into Egs. (309),
(310), and (311), we obtain

- s sin (s A4/2) +
) )¢, = 31

ot + a cos goj< s AL )S’(S)d)’ 0, (315)

00;4 12 + (1/a A@)( ;1 — ¢;) = O, (316)
. gH [ [sinGsAL)\ .
w; + acos ¢; [ZS < s A2 Si(s)a;

1 -~ ~
+ @ {(# cos ®)j+172 — (D cos (P)jAl/Z}:l =0, (317)

where S;(s) = 1 for present purposes. Eliminating # and o from Egs. (315)-
(317) gives

C2

) s sin(s AA/2) 2. c g COSQ i
¢ [a cos @; (sAA/2) Sj(s)} s (a Ap)? [(¢j Ps-1) oS @;
— (i1 — &) ———COSO(S";”} = *d;, (318)

which is the discrete analog of the meridional structure equation for ¢.
Here C? = gH.

For a given s, with the boundary condition ¢ = 0 at the poles, possible
values of 6% are obtained as eigenvalues from the matrix equation represented
by Eq. (318) applied to all j interior to the poles. When s is large, the matrix
is very close to diagonal for j’s near the poles and, therefore, the maximum
eigenvalue can be only slightly larger than the maximum diagonal com-
ponent, which is approximately the maximum value of the coefficient of the
first term of Eq. (318). If S;(s) = 1, this argument gives

R </ B WYY
™ T a4 AL (COS @ min 2

(319)

For most conditionally stable time difference schemes, the stability crite-
rion is given by

lo] At < e, (320)
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where ¢ is a constant (¢ = 1 for the leapfrog scheme). From Eq. (319), this
stability criterion is approximately equivalent to

ClAt . sAL ¢
%)T sin - < 3 (€08 @ }min- (321)

To make the scheme stable for all resolvable waves, it is necessary to require

|ICl At e

Y < 2(cos @ }enin- (322)
Thus, since (COS @;)min < 1, an extremely small At must be used to ensure
stability.

The method devised to allow the use of a longer At in the model is to
smooth the longitudinal pressure gradient in the momentum equation and
the longitudinal divergence in the continuity equation with a longitudinal
averaging operator. If the amplitude of the longitudinal pressure gradient
and divergence are modified by the factor

Si(s) = (a AJd*)[cos @, /sin (s AA/2)], (323)

where d* is a specified constant length, then Eq. (318) becomes

4C? Cc? A L~ L COSQi_y,
F%‘ + Wl:(d)j - ¢j—1)W
. ~ COS @, .
—(Pjs1 — @) ‘cosj—(;llz] = 6’y (324)
J

for all j. Thus the first term now contributes to the eigenvalue ¢ a constant
amount 4C?/d*?. The dependence of |0,y 0N (COS @ )iy I8 eliminated, and a
At satisfying the stability criterion depends now on the constant length d*.
In the model, d* is taken as the latitudinal grid size, a Ae.

In practice, it is sufficient to perform the smoothing only at higher latitudes.
Then

Si(s) = (Ai/A)[cos @fsin (s A1/2)] L (329)

when the right-hand side is less than 1; §;(s) = 1 otherwise.

To apply the operator, the zonal pressure gradient and the zonal mass
flux are expanded into Fourier series and the amplitude of each wave com-
ponent reduced by the factor S;(s). This is the bar operation shown in



THE UCLA GENERAL CIRCULATION MODEL 251

Section VI, B. The form of the smoothing of the mass flux given by Eq. (268)
is chosen to maintain the energy conservation.

It is important to note that this smoothing operation does not smooth or
truncate the Fourier expansions of the fields of the variables. It is simply a
generator of multiple point difference quotients in the space difference
scheme. For the example given above, the solution of Egs. (315), (316), and
(317) is still a neutral oscillation.

VII. Vertical and Horizontal Differencing of the Water Vapor and Ozone
Continuity Equations

A. VERTICAL DIFFERENCING

1. In g-Conserving Scheme

Let g be the mixing ratio of water vapor or ozone. The corresponding
continuity equation is given by Eq. (145). The vertical differencing given by

0 1 . ” . - '
—(mgx) + V- (mvidi) + —— [@6+ 1Gk+y — (M0)-1Gk—1] = mSp  (326)
ot Ao,

guarantees the conservation of total water vapor or total ozone, when there
are no sources and sinks, for any choice of 4.

The ozone mixing ratio varies in the vertical over a wide range of magni-
tudes and, as with potential temperature, shows a highly skewed “mass
density function.” Applying the considerations of Section V, B, 3 to the ozone
mixing ratio, a § can be chosen that leads to conservation of a discrete analog
of the global integral of In g with respect to mass. From Eq. (189), such a
g must be of the form

g _ Ing, —Ingg,,
T gy ) — (Lgw)

(327)

Further discussion of this scheme has been presented by Schlesinger (1976).

The same form for §,,, could also be used for the water vapor mixing
ratio. Release of heat of condensation, however, makes the choice of § for
water vapor more difficult, as discussed below.

2. Moist Adiabatic Process—Continuous Case

Consider, first, a moist adiabatic process in the continuous atmosphere.
Let the air be saturated and remain saturated, and let there be no heating
other than the heat of condensation.
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Let g be the mixing ratio and ¢*(T, p) be the saturation mixing ratio of
water vapor. Then the water vapor continuity equation, when condensation
is occurring, is

dg/dt = dg¥/dt = —C, (328)

where C is the sink of water vapor per unit mass of dry air. This can also be

written as
dq*\ dT Joq*
] — — = —C. 329
<ar>p a (ap >T°’ (329)

The thermodynamic energy equation is
(d/dt)c, T = wa + LC, (330)

where L is the heat of condensation per unit mass. Then Egs. (329) and

(330) give
- _ w ag* o (og*
C= 1 + [(Lfc,)(0g*/0T),] |:< ap >T + ¢ <6T>p]' (331)

Substituting Eq. (331) into Eq. (330) gives

dT/dt = o(3T/dp),, (332)
or

[0/6t) + v VI,T = o[(@T/op)m — (@T/2p)]- (333)

oT\ |« L [og* L (ogq*
(a)m = [c: s <‘65>T]/ [l ¥ z:(a*rﬂ’ (339

Here d/0p without a subscript is the derivative under constant horizontal
coordinates and constant time.

The corresponding equation with the o coordinate can be readily obtained
by using the following relations:

0 0 o0 0
(554“7 V>p—<E+V'V>U—;<EE+V V)TL’(%,

where
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and
(v
w=0¢|—4+v-V|n + 7n6.
ot
With these, Eq. (333) becomes

d oT 6 oT oT
el . T = [ 2= hd . S22y 20
<at+v v)g (ap)na(at” v)+[( ap)_m ap} (335)

where

Now making use of the relation

o*  [og* 2q*\ oT
(L kB Pt 336
dp <6p>T+<6T o 0p° (336)

the last term in Eq. (335) can be written as

<§Z) _6_T_ 1 |:zx oT Laq*:|
)a 0 1+ [(L/c)0q*/0T),]|c, 0Op ¢, p

- 1 [_<£>K@ — Eiaﬂ] (337)
1+ [(L/c,)(0q*/0T),] po) 0p ¢, Op ]
With this expression, Eq. (335) becomes
é oT 0
_ . T=[__ _ .
(=) (o)
“00 L og*|) L [(oq*
-~ m;-[<ﬁ> <4 —i]/[l + ( 1 )] (338)
po) Op ¢, Op c, \0T ],

From the form of the hydrostatic equation given by Eq. (122) the following
equation can be derived

P\ [0\ 0
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If the moist static energy s and the saturation moist static energy h* are
defined by

h=cT+®+ Lg, h* =c, T+ @ + Lg*, (340)
Eq. (339) can be written as

00 Log* 1 oh*
<p> + =42 (341)

po/) op ¢, Op _c‘,?p—'

Using this expression, Eq. (338) can be put in the final form

0 oT 0 oh*/0p

— . T=1{(2=— =~ . kit ARy
<6t+v V)a <6p)m6<6t+v V)an cp-i—L(aq*/&T)pnG’ (342)
where 0h*/dp = 0 when the lapse rate is moist adiabatic.

3. Moist Adiabatic Process—Discrete Case

The derivation of the vertically differenced form of the water vapor con-
tinuity equation is completely analogous to that for the continuous case
presented in the previous subsection.

Let gf = q*(Ty, p.). When level k is saturated and remains saturated,
Eq. (326) may be rewritten as

0 1
<E + V- V) qr¥ + m [(#6)+1(Grr1 —agF) + (RN 1(gF — G- 1)] = — Cs,
(343)

and then as

oq*\ (0 aq* 0 .
(a—TL (5; N V) Tt (a—p>n o (a o V) &

1
+ (@ Ad), [(m6h+1(Gurs — a¥) + RmEN-1(qF — Gu-1)] = —Ci, (344)

oT pk —\0Ty pk’ oP /1 j

where
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The thermodynamic energy equation is, from Eq. (209),

0 1 ~ A
(5; + Vi V) e+ —— (7 Ao, [Nt 1(Pibis 1 — Ti) + (m6)— 1(Th — Pili—1)]

1 0 L
= C— 0O <a + V- V) T, + C— Cka (345)

P P

where o, = ¢,0,(0P,/0my)/0, and 6, = (py — pr)/m. Eqs. (344) and (345) give

_ 1 oq* o, {0q )
= T W) 6q%e Ty [{(5)* <6T> } <ar”" V)“"

0 P, . .
<6?T) ( Aa’)k {(71'0")k+1(9k+1 - 6’() + (nd)k—l(ek - Gk—l)}

1
(nA e {(717 e+ 1{dr+ 1 — GF) + (RN— 1(qF — Gi- 1)}] (346)

Substituting Eq. (346) into Eq. (345) gives

0 oT 0
S iveviT, = (&
<6t + Vk V) k <ap> <8[ + vk V> M

1 1 . ~
1+ [(L/c,)@q*/0T),;] (n Ac), |:(7w')k+1 <Pk9k+1

L L . L
+ C—Qk+1 - P, — c_q’?> + (n6)—4 <Pk0k + c—ﬂb’f

P P P
A L
~ P, — —Qk—1>:|, (347)
cP
where

I A O N [ IR N B

Equation (347) is an analog of Eq. (338).
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The coefficient of (n6), ., in Eq. (347) is

~ . L 1 - - R
POy — 0) + c—(qk+1 - qF) = o [(cpThs1 + Pusy + Ldysy)
P P

— (T + O + Lgi)]

1 -
= — (I, — h
Cp(k+1 k),

where Eq. (199) has been used. Similarly, the coefficient of (n),_, in Eq.
(347) is R
(U%)(hick — he_q)

Thus Eq. (347) can be written as

0 oT 0
R (R

1 1 ' X *
- ¢y + L(0g*/0T),, (n Ac), [(7o )+ My 1 — BE)
+ (@)-alhE — he-y)] (349)

I:unation (349) is an analog of Eq. (342), but the choice of § (or equivalently,
h) at the even levels remains to be specified.

4. Choice of G for Water Vapor

From Eq. (349) it is clear that a negative (nd) has a warming effect for
., > h¥. This may occur even when h,, < hf, that is, when no condi-
tional instability exists between the odd levels k + 2 and k, which carry the
temperatures. (The same effect can similarly occur for a negative (nd),_,
when h¥ > h,_,, even when h} < h¥_,.) Any moist convective instability
produced by such a warming effect is the result merely of a poor choice of
gr+1 and should be regarded as a kind of computational instability, which
may be termed “conditional instability of a computational kind” (CICK).

The CICK phenomenon can be avoided if the choice of g, ., and thus
hy ., satisfies the following requirements when h¥, , < hj:

flk+1 < h;(k When rk = 1
and (350}

Bz < Miyq when rn =1,
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where r is the relative humidity of the level k, given by
N = di/4k- (351)

One definition of i, , that satisfies the above requirements is
Ek+1 = ?k+ 1(flf+1 - §k+1) + §k+19 (352)
where
Sy = Cka+1 + By, (353)
Te + Frez = 21dss

Pesy = : (354)

2=~ et

and h¥,, is an interpolation of h* from the levels k and k + 2 to the level
k + 1 which guarantees h¥ , < h¥,, < hf if h¥,, < k. Equation (354)
gives 7, ; = 1(and, therefore, b, ; = A}, ,)wheneitherr, = 1or Fesa = 1
then h¥,, < k., < hf is guaranteed regardless of the form of A*.

The form of the interpolation used to obtain i* is important, however,
in relation to that chosen for §, . ;. Since

;ck = Lq;ck + Ska
an interpolation for k¥, , independent of that for 3, . ; could in theory allow

the implicit generation of a negative g§,,. To avoid this, the interpolation
for k¥, | is chosen proportional to that for §, , ,:

Wy — hf = AGevr — si),

hEy, — f’fﬂ = A(Sk+2 — Sk+1) (355)
and
*  _ px
A= e = (356)
Sk+2 — Sk

Recall that Eqgs. (198) and (199) give

Ske1 — S = Pkcp(0k+1 — 6,

Sk+2 — Sk+1 = Pk+2cp(0k+2 - Ok+1)s
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and thus
Skez = Sk = Pucg@rr — 0) + PesacBirz — Ovy),
where
5 Inf, — In6,,
— (/Bs2) — (1/6,)
Equation (352) gives

ij+1 = (I/L)?k+ 1(Ef+1 - §k+ 1)- (357)

There is no reason to choose this g, however, if the air is not near saturation.
Presumably, the application of Eq. (327) to water vapor mixing ratio is a
better choice:for the relatively dry case. The final form chosen for use in
the model is a weighted mean of Egs. (357) and (327), given by

. . 1 - .
Ax+1 = M+ |:f My — Sk+1):|

(358)

. Ing, — In
(1 = Frny) [( 4k dr+2 ]

1qi+2) — (1/q4)

The CICK is still prevented because Eq. (358) becomes identical to Eq. (357)
when7,,, = 1.

The use of Eq. (358) for §,. ,, however, does not guarantee that g at odd
levels remains positive or zero. For example, if g, = 0, §,., > O and
(n6)+, > 0O, then the downward current removes a positive amount from
zero. To avoid generation of a negative mixing ratio, §,,, is replaced by
zero when (n6),,; > 0 and g, < 0 [or when (n6),,,; < 0 and g, < 0].

B. HOR1ZONTAL TRANSPORT OF WATER VAPOR AND QZONE

The finite-difference scheme for the divergence of the horizontal trans-
port of water vapor and ozone is similar to the corresponding scheme for
temperature, given at the point (i, j) by the second term of Eq. (299), except
that g° and g" are replaced by the harmonic mean when the corresponding
mass flux, F or G, is outwardly directed from the grid point (i, j) under
consideration. This guarantees zero transport out of the grid points where
the mixing ratio is zero.
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C. LARGE-SCALE CONDENSATION AND PRECIPITATION

In the model there is water vapor condensation and release of latent
heat not only by the parameterized cumulus convection, which does not
require that the air be saturated on the scale of the grid, but also when the
air becomes super-saturated on the scale of the grid; the latter phenomenon
is called “large-scale condensation.” The excess water removed from an
atmospheric layer in this way precipitates into the layer immediately below.
The falling precipitation either evaporates completely in that layer or
brings the layer to saturation and then passes to the next layer below,
where the process is repeated. When the lowermost layer is saturated, the
condensed water precipitates onto the ground as rain or snow.

Large-scale condensation occurs when g; j" is greater than g}, where g,;*
is the provisional value of the water vapor mixing ratio predicted by the
advective process only, and g}* is the saturation mixing ratio at the tem-
perature T;* and the pressure p; .

Let C At denote the amount of condensation at level k per unit mass
of dry air when g, > g#*. Then

(@Y = @,/ = C A, (359)
kys k L

(T;*y = Ty* + = C At (360)
P

(@Y = ¢*[(T:), pii*). (361)

where the primes denote values modified by condensation. Equation (361)
describes the saturation condition for the modified moisture and tempera-
ture. From these three equations an equation for the modified temperature
can be obtained

c
CIijk - f [(Tijk)l - Tijk] = q*[(Tijk)la pijk]~ (362)

With g;*, T;/, p;/* and the functional form of ¢*(T, p) given, the transcen-

dental equation (362) can be solved iteratively for (T/*). After (T,}*Y is

obtained, C Ar and (g;;*) may be computed from Egs. (360) and (359).
Choosing

Ty = Tijk and qdo = qijka (363)
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(T,+1, q,+) are determined recursively by

Tv+1 = Tv + (L/Cp)cv+1 At

(364)

4v+1 = 4y — Cv+1 At,

wherev = 0,1,2,...,and
q, — q*(Tv)
C,i1 At = . 365
A o) 0T, (363
In summary,

o i L Vmax
(Ty;') = Ty + o 2 C AL (366)

pv=l1
(qijk)/ = qijk - Z C, A (367)

v=1

where vy, is the maximum number of iterations in the layer. A value of
Vmax = 3 seems to give sufficient accuracy for present purposes.

The effect of evaporation of the falling precipitation on the layer im-
mediately below is incorporated in the following expressions:

L Vmax
(Ti‘cj+2 = T:‘(j+2 - Z C, Atmy Aoy /(12 Ay s 2), (368)
pv=1
(qi‘,-”)’ = q;chrz + Z C, Atmy Aoy /(4 5 Ady ). (369)
v=1

If the layer becomes supersaturated due to the evaporation, the entire
process is repeated for that layer.

VIII. Time Differencing

To explain the procedure, the equations can be written symbolically in
the following form:

d
57 = Jm A, (370)

0
E(nA) = g(n, A). 371)
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Equation (370) represents the continuity equation and Eq. (371) represents
the prognostic equations for the other variables described in the previous
sections.

The leapfrog scheme (L) is given by

AL = f(=", A"),

7.’:n+11‘n+1 _ nn—lAn~1

2At

= g(n", A"),

where the superscript denotes a time level. The Matsuno scheme (M),
which is sometimes called the Euler-backward scheme, is given by

Tt 1Zt_ " _ f(nn’ An)

71:("+ 1)*A("+ IA)’; _ 7.l:('l)"“,s('l)* _ g(nn, An)’
”HHA: i = flr VT AUy
nn+ lAnZt — "A" _ g(n("+ 1)*’ A(n+ 1)*).

The time differencing used in the model for the basic dynamical terms is
essentially the leapfrog scheme, but with a periodic insertion of the Matsuno
scheme, as shown in Fig. 27.

L L L L L L t
M L L 1tm L L jF M L. L 1r
F1G. 27. Schematic representation of the time differencing of the model showing sequence

of use of leapfrog (L) and Matsuno (M) schemes. Arrows indicate calculation of the heating
and friction terms.

At present, the source and sink terms described in the Introduction and
the vertical flux convergence term of the moisture equation are calculated
every five time steps, as shown by the arrows in the figure. Those calculations
are followed by a single step of the Matsuno scheme.
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IX. Summary and Conclusions

In this chapter, only the computational design of the basic dynamical
processes of the current UCLA general circulation model has been described.
To determine the heating and friction, the model includes many important
physical processes, such as those associated with radiation, photochemistry,
the boundary layer, the thermodynamics and hydrology of the ground, as
well as processes associated with grid- and subgrid-scale clouds. These
physical processes could not be adequately described in a single chapter
and, therefore, with the exception of the advective processes for water vapor
and ozone and the large-scale condensation processes, were not included
here.

Section I gives a brief outline of the model, whose 12 layers represent
both troposphere and stratosphere. The prognostic variables of the model
are the surface pressure, horizontal velocity, temperature, water vapor and
ozone of each layer; the planetary boundary layer (PBL) depth and magni-
tudes of the temperature, moisture and momentum discontinuities at the
PBL top; the ground temperature and water storage; and the mass of snow
on the ground. It should be noted that the degree of freedom added by
the PBL makes the model effectively equivalent to a 13-layer model.

Section II describes the principles of mathematical modeling that were
followed in the computational design of the basic dynamical processes of
the model. The basic principle employed in selecting a space finite-difference
scheme from the many that share the same order of accuracy was a require-
ment that the scheme maintain discrete analogs of a number of physically
important integral constraints of the continuous atmosphere. Energy propa-
gation properties in physical space, as well as in spectral space, were also
considered in the selection of a scheme.

Section III describes space finite-difference schemes for homogeneous in-
compressible flow, with and without a free surface. Section III, A shows
that the dispersion properties of inertia-gravity waves are highly scheme-
dependent and that from the point of view of geostrophic adjustment there
is only one satisfactory distribution (staggering) of the dependent variables
into grid points.

Section III, B discusses finite-difference schemes for nonlinear two-
dimensional nondivergent flow and replaces Part II of the paper by Arakawa
(1966), which was originally planned as a separate publication. A drastic
difference in the energy cascade exists between solutions obtained by
schemes that conserve enstrophy and by those that do not. Due to the
relatively small amount of energy in the high wave number range with
enstrophy-conserving schemes, the overall error is expected to be small.
This subsection also derives, for the cartesian grid, the momentum advection
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scheme consistent with the energy and enstrophy conserving vorticity
advection scheme for two-dimensional nondivergent flow. The total mo-
mentum is also conserved with this scheme.

Section III, C generalizes the momentum advection scheme for non-
divergent flow to a scheme that maintains conservation of total energy and
momentum for divergent flow. It should be pointed out, however, that this
generalization is not unique and is not necessarily the best choice from the
standpoint of potential vorticity advection when the lower boundary has
relatively steep topography. In general circulation models, horizontal dis-
cretization errors should be small for planetary-scale waves after they are
generated because their horizontal scales are sufficiently large compared
to the usual horizontal grid size. However, horizontal discretization errors
can be very serious for the generation of planetary-scale waves by longitu-
dinally narrow (but meridionally wide) mountain ridges. A search for a
generalization to divergent flow that is better from this point of view is
now in progress.

Section IV describes the vertical coordinate of the model. It is a version
of the ¢ coordinate below 100 mb and the pressure coordinate above 100 mb.
The basic governing equations in terms of that vertical coordinate are
presented.

Section V describes the vertical difference scheme. Various integral prop-
erties are presented in Section V, A; Section V, B then discusses the logical
procedure for deriving a scheme that maintains discrete analogs of these
properties. Section V, C presents the final determination of the vertical
difference scheme based on considerations of accuracy in both the vertical
propagation of wave energy and the hydrostatic equation.

Section VI presents the horizontal difference scheme of the model. The
scheme for three-dimensional motion on a sphere is a generalization, al-
though not unique, of the scheme developed in Section III, C. With the
current scheme, however, enstrophy is not conserved for two-dimensional
incompressible flow on a sphere, and solutions from the model show some
computational quasi-stationary noise near the poles that would seem to
correspond to a false production of enstrophy. The new generalization now
being sought should be better from this point of view also. Section VI, C, 2
describes the method devised to avoid the use of the extremely short time
interval required for computational stability due to the convergence of
meridians toward the poles. The method employs an operator to smooth,
in a longitudinal sense, selected terms of the prognostic equations that
involve longitudinal differences. The result is equivalent to the use of multi-
point finite-difference quotients and the space finite-difference scheme re-
mains energy conserving.

Section VII gives the space finite-difference schemes for the advection of
water vapor and ozone. Special advection schemes are necessary both in
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that the mixing ratios of these atmospheric constituents vary in space over
a wide range of orders of magnitude, and also in that the release of latent
heat through condensation of water vapor can cause a false moist con-
vective instability. Our method for the calculation of the large-scale con-
densation is also described in this section.

In Section VIII is described the time differencing of the model. The
heating and friction terms are calculated every fifth time step. For the
basic dynamical processes, at the steps which immediately follow the cal-
culations of heating and friction, the Matsuno scheme is inserted; for all
other time steps, the leapfrog scheme is used.

Descriptions of physical and computational aspects of the model related
to those physical processes that determine the heating and friction will be
published separately elsewhere. The most complete documentation cur-
rently available for the radiation and photochemical processes is given in
Schlesinger (1976) and for the boundary layer and stratus cloud processes
in Randall (1976). The parameterization of cumulus convection is based on
the theory proposed by Arakawa and Schubert (1974). Some computational
problems associated with the application of the theory were discussed by
Schubert (1973). A more complete description of this aspect of the model,
including the more recent revisions, is now being prepared for publication.
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