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I. Outline of the General Circulation Model 

A N E W G E N E R A L C I R C U L A T I O N model, which has an improved finite-difference 
formulation, greater vertical resolution, and new parameterizations of the 
subgrid-scale processes, has been developed at UCLA to replace the earlier 
two- and three-level UCLA general circulation models. 

The primary prognostic variables of the model are horizontal velocity, 
temperature, and surface pressure, governed by the horizontal momentum 
equation, the thermodynamic energy equation, and the surface pressure 
tendency equation, respectively. These governing equations, together with 
the hydrostatic equation, form the system of "quasi-static equations" or 
so-called "primitive equations." 

A number of secondary prognostic variables, with corresponding govern­
ing equations, are added to the system to determine the heating and friction. 
The most important of the secondary prognostic variables is water vapor, 
which is governed by the water vapor continuity equation. Ozone, governed 
by an ozone continuity equation with parameterized sources and sinks, is 
added as a prognostic variable for use in the radiational heating calculation. 
The planetary boundary layer depth and the magnitudes of the temperature 
discontinuity, moisture discontinuity, and momentum discontinuity at the top 
of the boundary layer are made prognostic variables to determine the 
boundary layer structure. The ground temperature, ground water storage, and 
mass of snow on the ground are also taken as prognostic variables, governed 
by the energy and water budget equations of the ground. 

The horizontal momentum equation includes the convergence of vertical 
flux of horizontal momentum due to the boundary layer turbulence and 
cumulus convection. The thermodynamic energy equation includes a heating 
term that consists of solar and infrared radiational heating, the convergence 
of vertical flux of sensible heat due to the boundary layer turbulence and 
cumulus convection, the release of latent heat due to cumulus-convective and 
large-scale condensation processes, and cooling due to evaporation of clouds 
and falling raindrops. The water vapor continuity equation includes the 
convergence of vertical flux of water vapor due to the boundary layer tur­
bulence and cumulus convection, and both cumulus-convective and large-
scale condensation and evaporation. The formulation of horizontal and 
vertical diffusion due to turbulence in the free atmosphere depends on the 
version of the model. We plan to introduce, in the near future, a formulation 
based on the quasi-geostrophic turbulence theory. 

To use the general circulation model the following parameters must be pre­
scribed for each grid point: surface characteristics (open ocean, ice-covered 
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ocean, bare land, and land covered by glacial ice); elevation of the land; 
surface roughness; thickness of the sea ice; and ocean surface temperature. 

Figure 1 shows the vertical structure of the model. The lower boundary 
follows the earth's topography, where the surface pressure is defined. The 
upper boundary is the 1 m b pressure surface, which is approximately at the 
height of the stratopause. The atmosphere between the upper and lower 
boundaries is divided into twelve layers, and the boundaries of these layers 
follow the coordinate surfaces of a generalized σ coordinate (Section IV). 
F rom 100 m b upward these coordinate surfaces are also constant pressure 
surfaces. The lowest four layers have equal depth in pressure p, and the 
uppermost seven layers have equal depth in log p. 
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FIG. 1. The vertical structure of the 12-layer U C L A general circulation model. Solid lines 

define layers, broken lines indicate levels within layers at which prognostic variables are carried. 
Pressure levels and heights in parentheses are approximate, given for purposes of illustration. 

The broken lines in Fig. 1 show the levels at which the prognostic variables 
of horizontal velocity, temperature, water vapor, and ozone are carried for 
each of the layers. These levels are approximately centered in ρ for the layers 
below 100 mb, and centered in log ρ for the layers above 100 mb. 

The uppermost layer of the model, called the "sponge layer," has a damping 
term designed to absorb upward propagating wave energy and thus prevent 
a spurious reflection of wave energy at the upper boundary. The actual 
formulation of the damping term, however, is still in an experimental stage. 
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(1000) w//MM^ FIG. 2. The vertical structure of the tropospheric layers of the model showing the param­
eterized planetary boundary layer (light shaded area) and possible cloud types associated with 
the planetary boundary layer (stippled area). 

Figure 2 shows the vertical structure of the lower layers of the model. The 
light shaded area represents the parameterized planetary boundary layer, 
which may or may not contain stratus cloud, and out of which there may or 
may not extend a cumulus cloud ensemble. The boundary layer depth may be 
less than, equal to, or greater than one or more of the model layers. 

Although the model is designed and programmed to have as many as 
12 layers, it can be used with fewer layers. A six-layer version of the model, 
with a vertical structure identical to the lower half of the 12 layer version, 
is also used at UCLA. 

The horizontal coordinates are longitude and latitude; the current grid 
size is 5° of longitude and 4° of latitude. The convergence of the meridians 
toward the poles would normally necessitate the use of an extremely short 
time interval to maintain computational stability. To avoid this requirement, 
a longitudinal averaging is done of selected terms in the prognostic equations 
near the poles. At present, the finite-difference time step is 6 min, except for 
the heating, friction, and source and sink terms, for which the time step is 
30 min. 

II. Principles of Mathematical Modeling 

The space finite difference scheme of the model is designed to maintain 
many of the important integral constraints of the continuous atmosphere, 
such as the conservation of total mass; the conservation of total kinetic 
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energy during inertial processes ; the conservation of enstrophy (mean square 
vorticity) during vorticity advection by the nondivergent part of the hori­
zontal velocity; the conservation of the integral constraint on the pressure 
gradient force; the conservation of total energy during adiabatic and nondis-
sipative processes; and the conservation of total entropy and total potential 
enthalpy during adiabatic processes. 

As the grid size approaches zero, the finite-difference solution obtained 
with any convergent scheme will approach the true solution and, therefore, 
in the limit will satisfy the integral constraints. The order of accuracy of a 
convergent scheme determines how rapidly its solution approaches the true 
solution as the grid size approaches zero. Although many schemes share the 
same order of accuracy, the solutions of such schemes generally approach 
the true solution along different paths in a function space, and with different 
statistics. One of the basic principles used in the design of the finite difference 
scheme for the model is the desirability of seeking that finite difference 
scheme in which the solutions approach the true solution along a path on 
which the statistics are analogous to those of the true solution. To this end, 
in the finite difference scheme used in the model, discretized analogs of the 
integral constraints are maintained, regardless of the grid size, which ap­
proach the true integral constraints as the grid size approaches zero. 

Maintenance of the integral constraints by the finite difference scheme may 
not be a critical requirement for short-range numerical weather prediction 
(over a period of a day or two), because there the concern is with the local 
accuracy of the solution in space and time, and a formal maintenance of the 
integral constraints does not necessarily mean a greater accuracy of the 
solution at a particular place and time. In short-range predictions, the period 
of integration is usually not long enough for significant changes to occur in 
the integral properties. The local accuracy in short-range predictions is 
therefore more or less determined by the grid size and the order of accuracy 
of the scheme. 

In numerical general circulation simulations, however, the governing 
equations are integrated beyond the physical limit of deterministic predic­
tion, which is of the order of a few weeks. Because the atmosphere is turbulent, 
in a long-term integration there is no "true" solution in the deterministic 
sense, and such integrations (including long-range numerical weather predic­
tion from an observed initial state) can only predict the statistical properties 
of the atmosphere. In a long-term integration, then, it is the accuracy of the 
statistical properties of the solution that concerns us. 

It is shown in Section III that maintaining the conservation of enstrophy 
as well as of kinetic energy is of great advantage in the control of the statistical 
properties of nondivergent horizontal flow. It not only prevents nonlinear 
computational instability, but it also maintains the constraint on the kinetic 
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energy exchange between motions of different size. A false systematic com­
putational cascade of kinetic energy into small-scale motions is prevented, 
and because there is then relatively little energy in the small-scale motions, 
the overall error is small. In this way, other statistical properties of the 
solution, such as conservation of the higher moments of the statistical 
distribution of vorticity, are approximately maintained. 

If the energy in the shortest scale is the result of a spurious computational 
energy cascade, a decrease of the grid size does not help insofar as the long-
term simulation of nonviscous flow is concerned. Such a result is completely 
different from that which might be expected from the usual analysis of 
truncation error, which is a measure of the formal difference of the finite-
difference equation from the original differential equation. The paradox 
occurs because a decrease of the grid size allows a further computational 
cascade of energy into the added part of the spectral domain. After a sufficient 
period of integration, the cascading energy will again reach and accumulate 
in the shortest resolvable scale. The overall error will become large again and 
the prediction of some of the statistical properties will become even worse 
than with the coarser grid (Section III will show an example of this). 

The existence of lateral viscosity can make a false computational cascade 
of energy less harmful. Since such viscosity is more effective for smaller scales, 
however, a spurious computational energy cascade into these scales falsely 
enhances the total amount of energy dissipation. 

The second part of Section III describes a finite difference Jacobian that 
maintains the conservation of enstrophy and kinetic energy and that is 
suitable for the representation of advection of any quantity in two-dimen­
sional, incompressible flow. The usefulness of this scheme as a guide in the 
formulation of a finite-difference scheme for the primitive equations rests 
on the fact that although the motions of the atmospheric general circulation 
are not exactly horizontal and nondivergent, they are to a good approxima­
tion quasi-geostrophic. This type of motion is quasi-nondivergent, as far as 
horizontal advection is concerned; divergence is important only in the linear, 
or approximately linear, terms. Thus as far as the consideration of the 
(nonlinear) advection terms is concerned, the finite-difference scheme for 
advection by the nondivergent part of the flow is crucial; indeed, a scheme 
that is inadequate for purely nondivergent motion is almost certainly inade­
quate for quasi-nondivergent motion. 

The other integral constraints maintained by the finite-difference scheme 
of the UCLA model are not for the prevention of a computational cascade 
and, therefore, do not directly increase the overall accuracy of the statistics 
of the solution. The maintenance of these other integral constraints does help 
make the errors less systematic, however, in terms of the generation, destruc­
tion, and conversion of energy, entropy, and angular momentum or vorticity. 
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Therefore, in a statistical sense, they make the physics of the discrete model 
more analogous to the physics of the continuous atmosphere. 

The following examples may serve to illustrate this point. A small error 
in the meridional velocity is tolerable if that error is r andom; but if the error 
is a systematic one resulting, say, from some latitudinal distribution of false 
mass sources and sinks, there will be a systematic false generation of the 
relative angular momentum of the global atmosphere. A small false residual 
of the line integral of the pressure gradient force, which is an irrotational 
vector, can drastically affect the angular momentum and vorticity budgets. 
A systematic small error in the vertical distribution of potential temperature 
in the troposphere can cause a significant error in the gross static stability, 
and thereby produce large errors in the motion field. 

It is important to note that the integral constraints are maintained regard­
less of the initial condition, because their maintenance is guaranteed by the 
form of the finite-difference scheme. Difference schemes that do not have 
such a formal guarantee may approximately maintain the integral constraints 
with a particular set of initial conditions, but may not do so with another set 
of initial conditions. Because the governing equations are nonlinear, we have 
no way of knowing in advance the integral properties of the solutions 
obtained with such schemes. 

In numerical models of the atmosphere, the energy propagation in physical 
space, as well as in spectral space, must be properly simulated. In particular, 
the energy propagation by small-scale dispersive inertia-gravity waves, ex­
cited by a local breakdown of the quasi-geostrophic balance, is important 
in restoring an approximately quasi-geostrophic flow by geostrophic adjust­
ment. Unless the geostrophic adjustment process can operate properly, 
nothing is gained by maintaining integral constraints on quasi-geostrophic 
motion. The finite-difference scheme of the model is designed to control the 
small-scale inertia-gravity waves and the accompanying geostrophic adjust­
ment process. 

Computat ional problems also arise in the simulation of the vertical prop­
agation of wave energy forced from below. The vertical differencing scheme 
and the location of the levels in the stratosphere are designed to eliminate 
any false computational internal reflections of the wave energy in a resting 
isothermal atmosphere. 

III. Finite Difference Schemes for Homogeneous Incompressible Flow 

Our governing equations are the primitive equations. Under typical condi­
tions in the atmosphere (low Rossby and Froude numbers), these equations 
govern two well-separable types of motion. One type is the high-frequency 

Choull
高亮
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inertia-gravity wave, for which nonlinearity is usually small; the other is 
low-frequency, quasi-geostrophic motion, for which nonlinearity is usually 
dominant. It is known that the energy of locally excited inertia-gravity waves 
disperses away into a wider space, leaving the slowly changing quasi-
geostrophic motion behind. This process is called "geostrophic adjustment." 

Consequently, there are two main computational problems in the simula­
tion of large-scale motions with the primitive equations. One computational 
problem is the proper simulation of the geostrophic adjustment. The other 
is the simulation of the slowly changing quasi-geostrophic (and, therefore, 
quasi-nondivergent) motion after it has been established by geostrophic 
adjustment. 

This section discusses finite-difference schemes to deal with both of these 
computational problems for the case of homogeneous incompressible flow. 
The results of this section will be used in Section VI as a guide for the design 
of the horizontal finite-difference scheme for the model. 

A . D I S T R I B U T I O N O F V A R I A B L E S O V E R T H E G R I D P O I N T S 

Winninghoff (1968) found that the simulation of the geostrophic adjust­
ment process with a finite-difference scheme is highly dependent on the 
manner in which variables are distributed over the grid points. The following 
discussion is based on his work. 

Consider the simplest fluid in which geostrophic adjustment can take 
place—namely, an incompressible, homogeneous, nonviscous, hydrostatic, 
rotating fluid with a flat bot tom and a free top surface. The basic equations 
which govern such a fluid are the so-called shallow water equations, given by 

where t is time, χ and y are the horizontal cartesian coordinates, u and ν are 
the velocity components in the χ and y directions, respectively, h is the depth 
of the fluid, / is a constant coriolis parameter, and g is gravity. The individual 
time rate of change is defined by 

du/dt — fv + g(dh/dx) 

dv/dt + fu + g(dh/dy) 

dh/dt + h(du/dx + dv/dy) 

0, 

0, 

0, 

(1) 

(2) 

(3) 
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In most of this study a linearized version of these equations is used, which 
is obtained by replacing d/dt by d/dt, and by replacing h as the factor on 
(du/dx + dv/dy) in Eq. (3) by H, the mean value of h. This procedure is 
justified when the Rossby number is small and the horizontal scale is of the 
order of the radius of deformation or less. 

Consider the five distributions of the dependent variables h, u, and v, on a 
square grid illustrated in Fig. 3. Each of the following five space finite-
difference schemes used with the linearized equations is the simplest second-
order scheme for the correspondingly labeled distribution. 
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FIG. 3. Spatial distributions of the dependent variables on a square grid. 

Scheme A: 

Ôu/dt -fv + (g/d)(ÔJir = 0, (5) 

dv/dt + fu + (g/d)(JJiY = 0, (6) 

Ôh/ôt + (H/d)[(ô^)x + (ô^f} = 0; (7) 
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Scheme Β : 

du/dt - f v + (g/d)(JJif = 0 , (8 ) 

dv/dt + fu + (g/d)(I^r = 0 , ( 9 ) 

dh/Ôt + (H/d)[(3jiY + (δ^ΥΊ = 0 ; ( 1 0 ) 

Scheme C : 

du/dt - fvx> + (g/d)(ôxh) = 0 , ( 1 1 ) 

dv/dt + fûx> + (g/d)(èyh) = 0 , ( 1 2 ) 

dh/dt + (H/d)[(ôxu) + (<V)] = 0 ; ( 1 3 ) 

Scheme D : 

du/dt - fûxy + (g/d)(ôxh)xy = 0 , ( 1 4 ) 

dv/dt + fvx" + (g/d)(ÔJr)xy = 0 ; ( 1 5 ) 

dh/dt + (H/d^Jjir + ( V H = o; <16) 

Scheme E: 

du/dt -fv + (g/d*)(ôxh) = 0 , ( 1 7 ) 

dv/dt +fu + (g/d*)(Syh) = 0 , ( 1 8 ) 

dh/dt + (H/d*)[(ôxu) + (δ,ν)-] = 0 ; ( 1 9 ) 

where we define 

( < 5 χ α ) υ — a i + i / 2 , j - « i - i / 2 , j , ( 2 0 ) 

(ά%· ξ i ( a i + i / 2 , j + a ; - 1 / 2 , A ( 2 1 ) 

and where / and j are the indices of the grid points in the χ and y directions, 
respectively. The symbols (<5,,α)0 and ( δ % are defined in a similar manner, 
but with respect to the y direction, and 

(S*%. = ( δ % . ( 2 2 ) 
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For Schemes A through D, d is the grid size shown in Fig. 3. For Scheme E, 
d* equals yjld; with this choice Scheme Ε will have the same number of grid 
points as the other schemes in a given two-dimensional domain. 

In this study, all analyses with the linearized equations leave the time-
change terms in differential form. If an explicit scheme is to be used for the 
time differencing, the time interval must be chosen to satisfy the C o u r a n t -
Friedrich-Lewy type condition for linear computational stability of the 
wave with the largest possible phase speed, which for the primitive equations 
of atmospheric motion is the Lamb wave. A time interval so chosen is 
adequately small for all other waves, including internal gravity waves, and 
the time discretization error can be ignored in the first approximation. 

Consider, first, the following one-dimensional linear equations: 

du/dt - fa + g(dh/dx) = 0, (23) 

dv/dt + ju = 0, (24) 

dh/dt + H(du/dx) = 0. (25) 

Eliminating ν and h yields 

d2u/dt2 + f2u - gH(d2u/dx2) = 0. (26) 

If the solution is assumed proport ional to exp[i(fcx — vi)], then the angular 
frequency ν for the inertia-gravity waves is given by 

(v/f)2 = 1 + gH(k/f)\ (27) 

where k is the wave number in the χ direction. The frequency of inertia-
gravity waves is a monotonically increasing function of the wave number k 
unless the radius of deformation λ defined by yjgïî/f, is zero. The group 
velocity dv/dk is not zero unless λ = 0; this nonzero group velocity is very 
important for the geostrophic adjustment process. 

The effect of the space discretization error on the frequency can now be 
examined. The space distributions of the dependent variables in this one-
dimensional case for Schemes A through D are shown in Fig. 4; Scheme Ε 
is not shown, since it is equivalent to Scheme A, but with a smaller grid 
size. For Schemes A through D the following frequencies are obtained: 

Scheme A: 

(v/f)2 = 1 + (λ/d)2 s in 2 (kd), (28) 
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Scheme Β : 

( ν / / ) 2 = 1 + 4(λ/ά)2 s in 2 (fed/2), (29) 

Scheme C: 

(v/f)2 = cos 2 (fed/2) + 4(λ/ά)2 s in 2 (fed/2), (30) 

Scheme D : 

(v/f)2 = cos 2 (fed/2) 4- μ / d ) 2 s in 2 (fed). (31) 

In all cases, the nondimensional frequency v/f depends on the two parameters 
fed and λ/d. 

( A ) ( B ) 

u,v,h u,v,h u,v,h h u,v h u,v h 

/-/ / i+f H " 1 " 7+1 
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v,h u v,h u v,h u,h ν u,h ν u,h 

/-/ / i+i i-i i i+i 

FIG. 4. Distributions of the dependent variables for a one-dimensional grid which cor­
respond to those for a square grid shown in Fig. 3. 

With these frequencies for the inertia-gravity waves, the dispersion prop­
erties of each scheme can be examined. The wavelength of the shortest 
resolvable wave is 2d; the corresponding wave number femax is π/d. Therefore, 
in examining Eqs. (28)-(31), it is sufficient to consider the range 0 < fed < π. 

Scheme A. The frequency reaches its maximum at fed = π/2, which means 
that the group velocity at fed = π/2 is zero. When inertia-gravity waves 
at about this wave number are excited somewhere in the domain (by non-
linearity, heating, etc.), the wave energy stays there. In this scheme, a wave 
with fed = π behaves like a pure inertia oscillation. 

Scheme B. For nonzero λ the frequency is monotonically increasing in 
the range 0 < fed < π. 

Scheme C. The frequency is monotonically increasing for λ/d > \ and 
monotonically decreasing for λ/d < \. For λ/d = j , v 2 = f2 and the group 
velocity is zero for all fe. 

Scheme D. The frequency reaches a maximum at (λ/d)2 cos (fed) = J. 
Moreover, fed = π is a stationary wave. 
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These results for the one-dimensional case show that Scheme Β is the 
most satisfactory. However, when λ/d is sufficiently larger than 1/2, Scheme C 
is as good as Scheme B. To illustrate, Fig. 5 shows a comparison of the 
dependence of \v\/f on kd/n for the case λ/d = 2. 

I z / l / f 

0 I 1 1 1 1 1 1 

0.4 0.6 0.8 1.0 
k d / τ τ 

FIG. 5. The dependence of the (nondimensional) frequency on the (nondimensional) wave 
number for the shallow water equations for the case λ/d = 2. Solid line corresponds to the 
differential case, given by Eq. (27); dashed lines represent the difference Schemes A - D , given 
by Eqs. (28)-(31). 

Cahn (1945) gave the solution of an initial value problem for which 
Eqs. (23)-(25) are the governing equations. At the initial time, he let h = 
constant, u = 0, ν = V0 in the domain from χ = —a to χ = α, and υ = 0 
outside of this domain. 

A form of the solution u(x, t) for these same initial conditions, suitable 
for use in a comparison of the differential and difference formulations, is 
obtained by first expressing w(x, t) in Fourier integral form: 

u(x, t) = Re Γ* eikxu*(k, t) dk, (32) 
In J - G O 

where 

u*(k, t) = Γ °° e ikxu(x, t) dx, 
J — oo 

(33) 
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ô t , dx. (40) 
i = 0 

From the initial conditions and Eq. (23), we have 

(du(x, t)\ (fV0 for |x| ^ a 
dt ) t = 0 )0 for |x| > a. 

(41) 

and k is the wave number in the χ direction. The function u*(k, t) then 
satisfies the following equation 

fi2u*(k t\ 
d y + (f2 + k2gH)u*(K t) = 0, (34) 

which has the general solution 

w*(/c, t) = A(k) cos (vi) + B(k) sin (vi), (35) 

where 

v 2 = / 2 ( 1 + X2k2\ (36) 

To determine A{k\ Eqs. (35) and (33) are applied at t = 0 to give 

A(k) = u*(K 0) = f °° e~ikxu(x9 0) dx = 0. (37) 

J — 00 
Moreover, Eqs. (35) and (33) give 

— = v\_-A(k) sin (vi) + B(k) cos (vi)] (38) 
dt 

and 

d u * i K ή . Γ» e - « - * ^ d x . (39) 

Applying Eqs. (38) and (39) at t = 0 gives an expression for B(k), 

B(k) ^ 1 ^U*{k' t]>j = - J " e - ^ ^ x ' r ) 
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B(k) = - Γ" e-ikxfV0 dx = 
v J~a 

vik 
^ s i n ( a f c ) . (42) 

kv 

Finally, Eq. (32) gives, with Eqs. (35) and (42), the desired solution 

faVo * Γ 0 0 sin (ak) sin (vi) _ 
u(x, t) = Re τ— — elkx dx, (43) 

or 

«(x, ί) = ^ Γ00
 ^ cos kx Λ . (44) 

Expressions for /z were obtained using Eq. (44) with the equation of 
continuity (25) in the differential case and with the finite-difference analogs 
of the equation of continuity for each of the Schemes A - D . In the differential 
case, ν was given by Eq. (36), while with finite-difference Schemes A - D the 
frequency ν was given instead by Eqs. (28)—(31), respectively.* The integral 
in these expressions for h was evaluated numerically using Simpson's rule 
with 600 intervals in k from 0 to π/α. The solutions for h were calculated, 
with / = 1 0 ~ 4 s e c - 1 , for constant χ for values of t up to 40 hr at 15-min 
intervals, and for constant t over a range of x. 

Some results of these calculations, with a/d = 1 and λ/d = 2, are shown 
in Figs. 6 and 7. Figure 6 shows the time variation of h at χ = a for the 
differential case, which approximates the solution obtained by Cahn, and 
for each of the difference schemes. Figure 7 gives the space variation of h 
in the differential case and for each of the schemes at t = 80 hr. As expected, 
Schemes Β and C simulate the geostrophic adjustment better than the 
other schemes. 

However, in the two-dimensional case there is a difficulty with Scheme B. 
Figure 8 shows \v\/f for each of Schemes A through E, as a function of kd/n 
and Id/π, where k and / are the wave numbers in the χ and y directions; 
again λ/d = 2. For comparison, \v\/f for the differential case is shown in 
Fig. 9. The chain lines in Fig. 8 show the maximum \v\/f for each of a range 

*Note added in proof. Professor Arthur L. Schoenstadt, Department of Mathematics, United 
States Naval Postgraduate School, Monterey, has pointed out in a personal communication 
that / in Eq. (44) must also be modified for Schemes C and D. Figures 6 and 7 are based on 
his corrected expressions. 

Therefore, from Eq. (40), 

ι r« Λ fv0e-u 



188 AKIO ARAKAWA AND VIVIAN R. LAMB 

S C H E M E D 

10 20 30 40 

t ( h r ) 

FIG. 6. Time variation of the (nondimensional) height perturbation at χ = a for the initial 
value problem posed by Cahn (1945): comparison of results for the differential case and for 
difference Schemes A - D . 

S C H E M E 0 

0 8 16 24 32 40 48 56 

x / d 

FIG. 7. The spatial variation of the (nondimensional) height perturbation at t = 80 hours 
for the same initial value problem: comparison of results for the differential case and for Schemes 
A - D . The thin vertical line at x/d = 59 indicates the theoretical limit of influence. 



(Α) (Β) 

kd/7T 

FIG. 8. Contours of the (nondimensional) frequency \v\/f for Schemes A - E , as a function 
of the (nondimensional) horizontal wave numbers for the shallow water equations, for fixed 
λ/d = 2. Chain lines show the position of maximum values of the function for a range of the 
ratio l/k. 
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k d / 7 T 

FIG. 9. Contours of the (nondimensional) frequency as a function of the (nondimensional) 
horizontal wave numbers for the differential shallow water equation for λ/d - 2, presented 
for comparison with Fig. 8. 

of values of the ratio l/k. Note that there is no such maximum for Scheme C 
or the differential case. 

In conclusion, the simulation of geostrophic adjustment is best with 
Scheme C, except for abnormal situations in which λ/d is less than or close 
to 1. 

B . T w o - D I M E N S I O N A L N O N D I V E R G E N T F L O W 

The next consideration must be the simulation of the slowly changing 
quasi-geostrophic (and, therefore, quasi-nondivergent) motion after it is 
established by the geostrophic adjustment process. 

Consider, first, a flow which is purely horizontal and nondivergent, 
governed by the vorticity equation 

δζ/dt + ν · V C = 0, (45) 

where 

v = k x V ( A , £ = k · V x ν = V V , (46) 

and φ is the stream function, V is the two-dimensional del operator, and 
k is the unit vector normal to the plane of motion. Equation (45) can also be 
written as 

δζ/dt = J (C , ψ), (47) 
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where J is the Jacobian operator, defined by 

J(C, ψ) = (δζβχ)(Οφ/δγ) - (3ζ/δγ)(0φ/δχ). (48) 

There are the following integral constraints, among others, on the 
Jacobian: 

J C T = 0, (49) 

CJ(C, Φ) = 0, (50) 

ΨΜ^) = 0, (51) 

where the bar denotes the average over the domain, along the boundary 
of which φ is constant. F rom these integral constraints it is seen t ha t t he mean 
vorticity ζ, the enstrophy (one half of the mean square vorticity) ^ζ2, and the 
mean kinetic energy i ( V ^ ) 2 are conserved with time. Conservation of these 
quantities during the advection process poses important constraints on the 
statistical properties of two-dimensional incompressible flow, as pointed out 
by Fj^rtoft (1953). In particular, the average wave number k defined by 

k2 = (VW/(WF, (52) 
is conserved with time, so that no systematic cascade of energy into shorter 
waves can occur. 

If the statistical properties are to be simulated numerically, a finite-
difference scheme must be used that approximately conserves these quadrat ic 
quantities. Avoiding computat ional instability in the nonlinear sense is 
necessary but not sufficient for this purpose. Two examples of stable schemes 
that have a false energy cascade into shorter waves will be shown later. 

It should be noted that if Eq. (47) is applied to a one-dimensional problem, 
the nonlinearity will be lost. Therefore, the tests of a finite-difference scheme 
for incompressible flow must be made with two-dimensional problems. 

The finite-difference approximation for Eq. (47) may be written in a 
relatively general form as 

a;1 - cy- = AijyK*. ψ*ι (53) 

where = (Ψι2φ)η is a finite-difference approximation of ζ = ν2φ at 
the grid point χ = id, y = jd, and at time t = η At. Here, d is the grid size, 
Δί is the time interval, and Ψ {

2 and atj are finite difference approximations 
for the operators V 2 and J at the grid point χ = id, y = jd. Hereafter, the 
subscripts i, j will be omitted unless they are necessary for clarity. 
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There are a number of time-difference schemes corresponding to different 
choices of £* and ψ*. For example, £* may be equal to ζ η + 1 / 2

5 as in the 
leapfrog scheme; or ζ* may be a linear combination of ζη and ζη+1 such as 

C* = i ( C n + T + 1 ) , (54) 

which is an implicit scheme of the Crank-Nicholson type. As another 
example, £* may be a provisional value of C, predicted by 

ζ* = SCn + a AiJ*(C, φη\ (55) 

where S and α may be equal to 1, as in the Matsuno scheme, or S may be a 
smoothing operator and a = j , as in the two-step Lax-Wendroff scheme. 
Here J* is not necessarily the same as J. 

The change of enstrophy is obtained from Eq. (53), as 

m n + 1)2 - ( Γ ) 2 ] = Δ ί [ ( Γ + 1 + C-)/2]J(C*, ψ*)9 (56) 

where the bar denotes an average over all grid points in the domain con­
sidered. Equation (56) can be rewritten as 

m n + 1 ) 2 - (C) 2 ] = + D / 2 ] - C * K C + 1 - ζη) 
+ Δίζ*ϋ)(ζ*, *A*). (57) 

To conserve enstrophy, C* and the form of J must be chosen in such a way 
that the right-hand side of Eq. (57) vanishes. The first term on the right 
vanishes if £* is chosen as ((" + 1 + £ n)/2. The second term vanishes if the 
finite-difference Jacobian J maintains the integral constraint given by Eq. (50) 
for the differential Jacobian J . Similarly, it can be shown that a properly 
defined kinetic energy is conserved if ^ * is chosen as (ψη+1 -h φη)/2 and 
J maintains the integral constraint given by Eq. (51). 

Consider the grid shown in Fig. 10. There are three basic second-order, 
finite-difference Jacobians : 

J i = Αχζ Δγψ - ΑγζΑχφ, 

J 2 = Αγ(φ Αχζ) - Αχ(φ Δ,ζ), (58) 

J 3 = Αχ(ζ Α,φ) - Αγ(ζ Αχφ), 
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ζ ψ ζ ψ ζ ψ 

-I j+ i i + l 

ζ ψ ζ Ψ ζ 
-I j i j i+l 

c ψ ζ Ψ ζ 
-I j - l i i - i i+l 

FIG. 10. Grid showing indexing for ζ, ψ points used in the finite-difference Jacobian schemes 
o f E q . (58). 

where (Δ χα) is defined by ( α ί + 1 ϊ 7 · - a f _ l f i / ) / 2 d , and Aya is defined similarly 
with respect to y. It was shown by Arakawa (1966) that the Jacobian J 
given by 

J = a J J i + y J 2 + j 3 J 3 , a + y + j8 = 1, (59) 

conserves mean square vorticity if α = β and conserves energy if α = y. 
Examples of Jacobians which have the form of (59) are 

J 4 = + J 2 ) , 

J 5 = ± ( J ) 2 + J 3 ) , 

J 6 = i ( J ) 3 + J J , 

J 7 - i ( J i 4- J 2 + J 3 ) . 

A schematic representation of the ζ and φ points used in constructing the 
seven finite-difference Jacobians introduced above is given in Fig. 11. 

J 7 is the Jacobian proposed by Arakawa (1966) as conserving both 
enstrophy and energy. J 2 and J ) 6 conserve enstrophy, but not energy. J J 3 

and J 4 conserve energy, but not enstrophy. All five schemes mentioned thus 
far are stable. does not conserve either quantity, and an analysis similar 
to that by Phillips (1959), but with the implicit scheme (54), shows that it is 
unstable. J J 5 , also, does not conserve either quantity, but experience with 
numerical tests shows that the instability is very weak, if it exists at all. 
This is not surprising, since 2 J 5 = 3 J 7 — J ^ ; because J 7 is a quadratic-
conserving scheme the time rates of change of the mean quadrat ic quantities 
using J J 5 , for given ζ and ψ, have opposite sign to the time rates of change 
of the mean quadrat ic quantities using J A . 
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Ο a ζ - P O I N T U S E D 

Χ * ψ - P O I N T U S E D 

E N E R G Y 0 E N S T R O P H Y 
C O N S E R V I N G 

FIG. 11. Schematic representation of ζ and ψ points used in constructing the finite-difference 
Jacobians defined by Eqs. (58) and (60). 

J 7 is the best second-order scheme because of its formal guarantee for 
maintaining the integral constraints on the quadratic quantities. J ) 7 is also 
just as accurate as any other second-order scheme. A further increase in 
accuracy can be obtained by going to higher order schemes. The more 
accurate fourth-order scheme that has the same integral constraints as J 7 

was also given by Arakawa (1966). 
Numerical tests have been made with the above seven Jacobians. In 

these tests, the initial condition was given by 

ψ = Ψ sin (7r i /8 ) [cos (π//8) + 0.1 cos (π//4)], (61) 
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and Δί was chosen such that At/d2 — 0.7. The leapfrog scheme was used 
instead of the implicit scheme. In order to eliminate the gradual separation 
of the solutions at even and odd time steps that occurs in the leapfrog 
scheme, a two-level scheme was inserted every 240 time steps. The simplest 
five-point Laplacian was used. Figures 12 and 13 show the time change of 
enstrophy and energy obtained with the seven Jacobians. The expected 
conservation properties are observed, even though the implicit scheme was 
not used. The energy conserving schemes J 3 and J J 4 show considerable 
increase of enstrophy. On the other hand, the enstrophy conserving schemes 
J 2 and J 6 approximately conserve energy in spite of the lack of a formal 
guarantee. This is reasonable because the enstrophy is more sensitive to 
shorter waves for which the truncation errors are large. J 5 approximately 
conserves both quantities, again in spite of the lack of formal guarantees. 

J21 JE » J? 

I 1 1 1 1 

0 5 0 0 1 0 0 0 1 5 0 0 2 0 0 0 
TIME STEP 

FIG. 1 2 . Comparison of the time variation of the mean square vorticity (units arbitrary) 
during a numerical integration with the seven finite-difference Jacobians under consideration. 
(Arakawa, 1 9 7 0 ) . Reprinted with permission of the publisher American Mathematical Society 
from SI AM-AM S Proceedings. Copyright © 1 9 7 0 , Vol. 2 , Fig. 5, p. 3 5 . 
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Je 

I ι ι ι ι 

0 500 1000 1500 2000 
TIME STEP 

FIG. 13. Comparison of the time variation of the kinetic energy during a numerical integra­
tion with the seven finite-difference Jacobians under consideration (Arakawa, 1970). Reprinted 
with permission of the publisher American Mathematical Society from SIAM-AMS Proceedings. 
Copyright © 1970, Vol. 2, Fig. 6, p. 36. 
J J 7 conserves both quantities, with only negligible errors arising from the 
leapfrog scheme. J J 5 , like and J J 7 , maintains the property of the Jacobian 
Αζ,φ)= - J 0 A , C ) . 

Figure 14 shows the spectral distribution of kinetic energy obtained by 
the energy and enstrophy conserving scheme J)7 and by the energy conserving 
scheme J 3 at the end of the calculations. The small arrow shows the wave 
number for sin (πι/8) cos (π//8), which contained almost all of the energy 
at the initial time. Although the total energy was approximately conserved 
with J 3 there was a considerable spurious energy cascade into the high wave 
numbers, whereas with J 7 more energy went into a lower wave number 
than into the higher wave numbers, in agreement with the conservation of 
the average wave number as given by Eq. (52). 

Whether the increase of the enstrophy is important in the simulation of 
large-scale atmospheric motion will depend on the viscosity used with the 
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J7 

(wave number) 

J, 
ll.li.iu.1 ill.Ill il , Jli ll 1 1 ι 1 1 . .1 1 

(wave number) 2 

FIG. 1 4 . A comparison of the spectral distribution of kinetic energy, obtained with J 3 and 
J 7 , after a numerical integration of 2 4 0 0 time steps. Arrow shows the wave number that con­
tained most of the energy at the initial time. 

complete equation. A relatively small amount of viscosity may be sufficient 
to keep the enstrophy quasi-constant in time. However, the viscosity will 
also remove energy, and as a result the average wave number, defined by 
Eq. (52), will falsely increase with time. 

In Section II it was pointed out that when a scheme that produces a 
strong computat ional cascade is used, a decrease in grid size does not mean 
an increase in overall accuracy as far as long-term numerical integrations 
are concerned. Figure 15 shows such an example. With an identical initial 
condition, experiments have been made using J 3 with three different grid 
sizes. The nondimensional parameter ΨΑί/d2 is kept the same for the three 
experiments. A two-level scheme was inserted every 120 time steps to suppress 
separation of the solution due to the leapfrog scheme. The figure shows a 
more rapid increase of enstrophy with the smaller grid sizes. Since the 
kinetic energy is practically conserved in all three experiments, a larger 
enstrophy means a smaller average scale of the motion. These results show 
that the convergence of the scheme, in the nonlinear sense, must be seriously 
questioned. 
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I I I i 1 1 1 I 
0 10 2 0 3 0 4 0 5 0 6 0 7 0 8 0 9 0 100 

DAYS 
FIG. 1 5 . A comparison of the time variation of mean square vorticity obtained by numerical 

integrations using J 3 for three different grid sizes. 

With the grid shown in Fig. 16, J 7 may be written as 

+ { M - W ) + < V ( < W ) } , (62) 

J+i 

j-l 

y 

/ 

δχψ 
δγψχ̂  U 

y » 

\ 

δχ* δχψ 
I 1+1 FIG. 16. Grid showing points of definition of the dependent variables and axes of definition 

for mean and difference operators used in the differencing of the momentum advection terms. 
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where δχα and ax are defined as 

(àx*)i+U2,j = <*i+l,j ~ <*i,j ( 6 3 ) 

and 

( â x ) i + i / 2 , j = ϊ ( α ί + ι , 7 · + a i f j ) . ( 6 4 ) 

The symbols <5ya and Ψ are defined in a similar manner, but with respect to 
the y direction, and âxy = α*. The symbols δχ>, ôy>, ά*', and Ψ' follow the 
same definitions, but in the x' and y' directions and with the spacing yjld. 
It can easily be shown that 

δχ,φ = Sjfiy + Sy4 = + (65) 

Since it is the momentum equation and not the vorticity equation that is 
used in the model, the next problem is to find a finite-difference scheme for 
the advection term in the momentum equation. The guiding assumption 
in our present approach is that a scheme that is inadequate for purely 
nondivergent motion is almost certainly also inadequate for the quasi-
nondivergent motion typical of large-scale atmospheric motions. Thus the 
first constraint on a finite-difference scheme for the momentum equation is 
that it become equivalent to δζ/dt = J J 7 ( £ , φ) when the flow is horizontal 
and nondivergent. 

The vorticity can be expressed as 

l / V i + i „ / - ^ u Φα-Φί-ι,} , Φΐ,]+ι-Φΐ] Φυ~φί,]-
d d 

= + + Ψΐ,]-1 -Hijl (66) 

For the grid points shown in Fig. 16, w and ν are defined by 

(<5» i t j+1/2 f , _ (&xY)i+l/2,j 
j ' Vi+i/2,j = -A · 1 0 / j 

Then the vorticity given by Eq. (66) is 

Cy = ( l /d ) [ (My - ( M y ] » ( 6 8 ) 
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and the vorticity equation may be written as 

(S/5r)[(MY - ( M Y L = J Y ( ^ » - < V > Ά ) · (69) 
Here the symbol J is used for J 7 . 

Consider J I I 7 - + 1 / 2 ( M , I P ) . F rom a property of the Jacobian, which is main­
tained by J 7 , 

\j^/i(u, ψ") = ν Ι ^ + 1 / 2 ( « , <K + \ud\ (70) 

and 

J Î , J - I / 2 ( « , Ψ) = Λ , ; - ι / 2 ( " , - hud). ( 7 1 ) 

Note that ( i p + h u d \ ^ m = ( i p - j - 1 / 2 = φυ for arbitrary i, j. 
Using (70) and (71), 

[ôfi(u, = J U + 1 / 2 ( « , < P ) - Λ ^ _ 1 / 2 ( « , « P ) , 

= J Y ( 5 , « , <A). (72) 

Similarly, 

[ 5 X J ( » , ^ ) ] , 7 = J Y ( ^ » , Ά ) · (73) 

Equations (72) and (73) are analogs, respectively, of 

(d/dy)J(u, φ) = J(du/dy, φ), {d/dx)J(v, φ) = J(dv/dx, φ). 

From Eqs. (72), (73), and (68), 

[ÔJ(v, $x)lj - [ ^ J ( M , = âu(ôxv - ôyu, φ) 

= D J Y ( C , Φ)· (74) 

The conclusion is that 

JJ(M, I?37) for — Ν · Vw at the u points 

J ( I ; , for — Ν · \v at the ν points 

are consistent with 

JJ(C, I/0 for — Ν · \ζ Sit the ψ points. 
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Equations (62) and (65), with ζ replaced by u and φ by φ", give the form 

+ ± ίδχ.{(^Ψγγ - ^ y x W } + ô,{(S$" + WXW}]· (75) 

Define w* and v* by 

u* = -α/ά)δ$χ, υ* = ( 7 6 ) 

Then (75), which is the divergence of w-momentum transport, becomes 

^ [ôx(ïi*yyïix) + ÔJFXYUY)'] + ^ [<5X ̂ * + u*yûx) + ^ ( ϋ * - u*yùy')~\. (77) 

Similarly, the divergence of y-momentum transport becomes 

^ [ôx$*xyvx) + <5y(ïF*V)] + ^ [δχ.{ν* + H * * ^ ' ) + <V(i>* - 11**1?')]. (78) 

In Fig. 16 , the distribution of u and ν is staggered as in Schemes C and D 
of the last subsection. Results of the last subsection indicate, however, that 
Scheme C is definitely better than Scheme D in view of the geostrophic 
adjustment and therefore the χ points rather than the φ points in Fig. 1 6 
carry pressure and temperature. 

C . F I N I T E D I F F E R E N C E S C H E M E F O R T H E N O N L I N E A R 

S H A L L O W W A T E R E Q U A T I O N S 

For use with the advection term of the momentum equations in the 
general circulation model, the finite-difference expressions (77) and (78) de­
rived for the case of horizontal nondivergent flow must be generalized to 
the case of divergent flow. In this subsection, the principles guiding such a 
generalization will be illustrated through the derivation of a finite-difference 
scheme suitable for integration of the nonlinear shallow water equations on 
a square grid with the f r i a b l e s staggered as in the C scheme. The analogous 
development for the momentum equations governing three-dimensional mo­
tion in curvilinear coordinates is presented in Section VI. 



202 AKIO ARAKAWA AND VIVIAN R. LAMB 

The governing differential equations are Eqs. (l)-(3), restated below for 
convenience: 

du du du dh 

dt U dx V dy V ^ dx 

dv dv dv oh 
Tt + U r X

 + Vo-y + f U + 9ô-y = 0' 

dh d(hu) d(hv) Λ 

dt dx dy 

(79) 

(80) 

(81) 

Combining Eq. (81) with Eqs. (79) and (80) gives another useful form of 
the momentum equations, 

d(uh) d(huu) dihvu) „ , dh 

^ r + -dx- + ^ i - - f h v + g h r x = °> 

dj^ + dj^ + dj^v) + f h u + g h d ^ = o 

(82) 

(83) 

Multiplying Eq. (79) by u and Eq. (80) by ν and combining the results 
with Eq. (81) yields the equations for the time change of kinetic energy, 

d[ /n i iu 2 ] d[_hv$u2] _ , dh 
— (h±u2) + L 2 J + L . 2 J - fhuv + ghu— = 0, (84) 
dt dx dy dx 

a „ . 2 l d[huW] d[hv±v2~\ „ , dh n 

σί ox dy dy 

Multiplying Eq. (81) by gh gives the equation for the change of potential 
energy, 

= 0, (86) 

or 

3 / f l * 2 \ 3 , , , , S , , , , , Γ dh dh] Λ 

â (Vj + & to*a«) + T y to*a") - ^ L " s + ^ J - a ( 8 7 ) 
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The coriolis force of course makes no contribution to the change of 
total kinetic energy. Also, the summation of the last terms in Eqs. (84), (85), 
and (87) is zero. These points, which lead to conservation of the total energy, 
are utilized in the construction of the finite-difference scheme. 

The differencing for the continuity equation is chosen on the basis of 
simplicity. At h points, Eq. (81) can be represented as 

d 1 
'gl^J + J 2 iFi+l/2,j - Fi~l/2,j + Gi,j+1/2 - Gi,j-1/2] = 0> ( 8 8 ) 

where the mass fluxes 

Fi+1/2. j = d[Jixu]i+ll2fj 

Gf f j+i /2 = d [ ^ V | i , ; + i / 2 

are defined at u and ν points, respectively. The time change terms are left 
in differential form throughout this section. 

The first requirement on the finite-difference scheme is that it conserve 
total kinetic energy during inertial processes. To this end, considering first 
the u momentum equation (82), the terms 

-|- (uh) + ~ (huu) + ^- (hvu) 
dt dx dy 

can be represented by the following form, which automatically guarantees 
proper conservation of integrated zonal momentum: 

d 1 
-(tf<">u),,. + -Ιδχ{^Ψ) + ^ ( Λ ) 

+ ôxi^iu)ûx') + ^ ( ^ ( M ) w y ' ) ] / , j (90) 

where H(u) and ^ ( u ) , # ( u ) , # ( t t ) are as yet undefined (see Fig. 17 for the 
points of definition of the new mass flux symbols). For simplicity, the con­
vention of using the indices (i, j) for the variable whose prognostic equation 
is under consideration is followed. If these new terms are chosen in such a 
way that they satisfy 

Jt

 H u i + ψ \Ρ*Ρ™ + <5^ (u> + δχ.β™ + 6 y & ' \ } = 0, (91) 
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i-U+l 
.00 

i-l.j 
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IH Υ 

I.J 
η u 

jv 5^o<w g ^ | v 

i-l,j-l 1 1 1+1,j-l 
FIG. 17. Grid showing points of definition of fluxes introduced in Eq. (90) in the differencing 

of the advection terms of the w-momentum equation. 

then by subtracting Eq. (91) multiplied by uu, (90) can be shown equivalent to 

+ <#(M) ôx,u' + #(M) ôyu'lj' (92) 

Multiplying (92) by ui} and combining with Eq. (91) multiplied by \u\^ a 
finite-difference analog to the first three terms of Eq. (84) is obtained: 

ô 1 
- ( t f < " V ) „ . + — 2 ^ f l m j U i J u i + U j - ^ i l 2 t j U i „ U j u u 

+ ^\")+l/2Ui, j U i , j + l ~"" ^iJ-l/2Ui,j-lUi,j 

+ i / 2 , j + 1 / 2 Wi , j W i + l , j + l ~ ^ S - l / 2 , j - l / 2 W i - l , j - l W i , j 

+ ^ i - 1 / 2 , j+l/2Ui, jUi-l, j + l ~ ^ i + l / 2 , j - l / 2 M i + l , j - l U i , j]' (93) 

In (93), each of the kinetic energy flux terms reappears at a neighboring 
point but with the opposite sign. Thus, regardless of the subsequent definition 
of Hiu\ #- ( w ) , # M ) , and § { u \ the choice of form (90) and the constraint (91) 
together ensure that the total kinetic energy over the domain does not falsely 
increase or decrease. 

The additional requirement on the difference scheme is that enstrophy be 
conserved during advection by the nondivergent part of the horizontal 
velocity. This will be guaranteed if the finite-difference scheme for the mo­
mentum advection terms reduces to (77) for the case of nondivergent flow. 
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If new symbols, based on Eq. (89), are defined at h points by 

F * = Fx G* Ξ G\ (94) 

it is seen that in the case of nondivergent motion, F * and G* are equivalent, 
respectively, to (a constant) hd times w* and v* given by Eq. (76). The flux 
terms in (90) then reduce to (77) for this case if 

^ i+l /2 , j — 3 l r )i+l/2,j 

^\U)j+l/2 = f (G*yX)i, j+ i /2 

^ i + 1 / 2 , j + 1 /2 — 6 V U + r ; t + 1 / 2 , j + 1 / 2 

^ ί - l / 2 , j + l / 2 — i(G* — F* y) t-_ i /2 , _/+ 1 / 2 · (95) 

It should be noted that this generalization of (77) is not unique. 
The definition of H(u) is now determined by the requirement (91). Making 

use of Eqs. (95) and (94), Eq. (91) can be written in the form 

J t

H U j + ~J2 g i(àxF + SyG)i+ll2tj+1 + (ÔXF + ôyG)t-1/2tJ+1 

+ (ôxF + ôyG)i+1/2j-i + (ôxF + ^ G X - i ^ j - i 

+ 2(ÔXF + ^ G ) i + 1 / 2 f i + 2(ÔXF + ôyG)^l/2tj-] = 0. (96) 

F rom the continuity equation (88) it is then clear that Eq. (96) is satisfied 
only if 

H\:) = ( P y \ j . (97) 

An analogous development for the first terms of the υ momentum equation 
(83) yields the form 

Yt(Hiv)v)ifj + l [ ^ ( ^ > r ) + δ ^ Ψ ) 

+ δΑβ{ν)νχ) + δν.(&υΨ')\ί9 (98) 

which guarantees both conservation of kinetic energy, integrated over the 
domain, under inertial processes and conservation of enstrophy for the case 



206 AKIO ARAKAWA A N D VIVIAN R. LAMB 

of nondivergent flow with the definitions 

^ i+l/2,j — 3 \ r )i+l/2,j 

1/2 — 3 l a 1/2 

^ i + 1 / 2 , j + 1 / 2 ~ 6 \ u + r )i+l/2,j+l/2 

^ £ - l / 2 , j + l / 2 = — 1 / 2 , j+ 1/2 ( 9 9 ) 

and •̂=(̂η·,;· (loo) 
The coriolis term — fhv in Eq. (82) is represented at the u point (i, j) by 

-fjiM-r\j: (101) 

and the term + fhu in Eq. (83) at the ν point (i + 1/2, j + 1/2) is represented 
by 

(7̂ )Ι + ι / 2 , ; + ι / 2 · (102) 

Here the coriolis parameter / ) is defined at latitudes where h is carried. 
The rate of increase in the kinetic energy of the u component at the point 

due to the coriolis force is obtained by multiplying (101) by utj. The 
contribution to this increase from the ν point (i + 1/2, j + 1/2) involves the 
portion 

~~ifjhi+ 1/2, jvi+1/2, j+ l/2ui,j- (103) 

Similarly, the rate of increase in the kinetic energy of the ν component at the 
point (i + 1/2,7 + 1/2) is given by (102) times vi + l/2>j+i/2', and the fraction 
due to the u point (i, j) involves the term 

+ ifjhi+ 1/2, jUi, jVi+ 1/2, j+1/2- (104) 

Note that (103) and (104) exactly cancel so that total kinetic energy is not 
influenced by these terms. 

Finally, the pressure gradient terms, which convert potential into kinetic 
energy, can be examined. At the u point (i, j \ the term gh(dh/dx) in Eq. (82) 
is represented as 

gV? (105) 
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and at the ν point (i + 1/2, j + 1/2), gh(dh/8y) in Eq. (83) is represented as 

i+ 1 / 2 , j+ 1 / 2 · 

(106) 
An argument completely analogous to that utilized in the discussion of the 
coriolis terms can be advanced to show that this finite-difference form of the 
pressure gradient terms does not cause any false production of total energy. 

IV. Basic Governing Equations 

A . T H E V E R T I C A L C O O R D I N A T E 

The vertical coordinate used in the model is a combination of the σ 
coordinate (Phillips, 1957) for the lower part of the atmosphere, and the 
pressure coordinate for the upper part of the atmosphere. 

Let ρ be the pressure; pT, the pressure at the top of the model atmosphere, 
taken as a constant; and /? s, the pressure at the earth's surface, which varies 
with the horizontal coordinates and time. A constant pressure p, is chosen 
which lies between pT and a lower bound of p s , and the vertical coordinate 
σ is then defined by 

σ = V- ^ , (107) 

where 

[πυ = pl - pT for ρτ ^ ρ < ρ,, j / c u — F I FT FT ^ F ^ F\, / M O ^ 
π = < (108) 

(rcL — Ps Pi for px < ρ ^ ps. 

Note that πυ is constant, whereas nL is a function of the horizontal co­
ordinates and time. It follows from Eqs. (107) and (108) that 

(109) 

Figure 18 shows surfaces of constant σ in a vertical cross section. The 
lower boundary, which follows the earth's topography, is a coordinate 
surface; and the isobaric surfaces for ρτ ^ ρ ^ pY are coordinate surfaces. 
When Pi = pT, this vertical coordinate system reduces to the σ coordinate 
of earlier versions of the U C L A General Circulation Model (Mintz, 1965, 
1968; Arakawa, 1972); and when px = pT = 0, it reduces to the original 
σ coordinate of Phillips (1957). 

- 1 for Ρ = Ρτ» 
0 for Ρ = Pi, 
1 for Ρ = Ps-
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P T — 0 - = - ! 
7TU ( — CT = CONST , a p= C O N S T . -

I [ P I . — ° - ' 0 

τπτϊν^^ cr = ι 

FIG. 18 . Definition of the layers of the model in terms of the vertical σ coordinate. 

Since π is either πυ, which is a constant, or nL, which is a function only 
of the horizontal coordinates and time, (107) gives 

δρ = πδσ, (110) 

where δ denotes the differential under constant horizontal coordinates and 
time, π δσ/g is the mass per unit horizontal area in a layer of depth δσ, 
where g is the acceleration of gravity. 

F rom Eq. (107), the individual time derivative of pressure is given by 

ω ΞΞ dp/dt = πσ + a[(dn/dt) + ν · Vu], (111) 

where à = άσ/dt, ν is the horizontal velocity, and V is the horizontal gradient 
operator. Note that du/dt + ν · ν π = 0 for σ < 0 and, therefore, 

ω = πσ for σ ^ 0. (112) 

At the top of the model atmosphere, Eq. (112) gives (πσ) σ = _ i = ( ω ) ρ = = Ρ τ . 
It is assumed that ( ω ) ρ = Ρ τ = 0, and thus 

Μ σ = - ι = 0. (113) 

The earth's surface is a material surface as well as a coordinate surface. 
The kinematical boundary condition there is simply à = 0, so that 

( π σ ) σ = 1 = 0 . (114) 

Finally, the continuity of ω at σ = 0 requires 

(πσ) σ = 0 - = (πσ) σ = 0 + = ω ΐ 5 (115) 

where ωι = (ω)ρ=Ρι. 
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B . T H E E Q U A T I O N O F S T A T E 

The model atmosphere is assumed to be a perfect gas, so that 

α = RT/p, (116) 

where α is the specific volume, Τ is the temperature, and R is the gas constant. 
For simplicity, the difference of the gas constant from that of dry air (which 
determines the difference between the virtual temperature and the tempera­
ture) is neglected except in the parameterizations of subgrid scale turbulence 
and cumulus convection. 

C . T H E H Y D R O S T A T I C E Q U A T I O N 

With Eq. (110), the hydrostatic equation δΦ = —ocôp becomes 

δΦ = -ποίδσ, (117) 

where Φ is the geopotential gz and ζ is height. 
The following alternate forms of the hydrostatic equation can be derived 

from Eq. (117) and will be useful: 

δ(φσ) = - ( π σ α - Φ)δσ9 (118) 

δΦ = -RT δ In ρ, (119) 

= -€ρθδ(ρ/ρ0Υ (120) 

Ι , I I " ) ΡΊ(1/Θ) \ Ρ ο 

<5(cpT + Φ) = (̂0 cp δθ, (122) 

where c p is the specific heat at constant pressure, κ = R/cp, and θ is the 
potential temperature, T(p0/p)K, where p0 is a s tandard pressure. 

D . T H E E Q U A T I O N O F C O N T I N U I T Y 

In the pressure coordinate system, the equation of continuity takes 
the form 

V p · ν + (dco/dp) = 0. (123) 
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G r a d i e n t s i n t h e p r e s s u r e a n d σ - c o o r d i n a t e s y s t e m s a r e r e l a t e d b y 

V p = V f f + ( ν ρ σ ) ( 3 / δ σ ) , ( 1 2 4 ) 

U s i n g t h e g r a d i e n t V p o f E q . ( 1 0 7 ) , n a m e l y 

π ν ρ σ + σ S/π = 0 , 

E q . ( 1 2 4 ) b e c o m e s 

V p = ν σ - σ / π νπ d/da. ( 1 2 5 ) 

N o t e t h a t V p = V C T f o r σ < 0 , b e c a u s e π is c o n s t a n t f o r σ ^ 0. 
U s i n g E q . ( 1 2 5 ) f o r V p · ν a n d u s i n g E q s . ( I l l ) a n d ( 1 1 0 ) f o r δω/dp, E q . 

( 1 2 3 ) g i v e s 

*-7 σ ^ d\ 
V f f · ν - - ν π · — 

π # σ + π 3 σ 
π σ + σ ( — + ν · ν | π 

et 
ο, 

a n d finally 

(δπ/dt) + V f f · ( π ν ) + (δ/δσ)(πσ) = 0 . ( 1 2 6 ) 

T h e e q u a t i o n o f c o n t i n u i t y ( 1 2 6 ) is u s e d t o c o m p u t e b o t h π σ a n d dnL/dt = 
dpjdt. I n t e g r a t i n g E q . ( 1 2 6 ) w i t h r e s p e c t t o σ , f r o m — 1 t o σ , a n d u s i n g 
E q . ( 1 1 3 ) g i v e s 

j l t do + π σ = — J * ^ V · ( π ν ) do. ( 1 2 7 ) 

S i n c e <9π/δί = δπυ/δί = 0 f o r σ < 0 a n d 5 π / δ ί = dnjdt f o r σ > 0 , w h i c h 
is c o n s t a n t i n σ, 

πσ = — J*̂  V · ( π ν ) da f o r σ < 0 , 

δ π 
σ + π σ = — Γ V · ( π ν ) c/σ f o r σ > 0 . 

( 7 ί J - 1 

F r o m E q . ( 1 2 9 ) a p p l i e d a t σ = 1 , w h e r e π σ = 0 , 

a t a t J - i 

S u b s t i t u t i n g dnjdt f r o m E q . ( 1 3 0 ) i n t o E q . ( 1 2 9 ) g i v e s π σ f o r σ > 0. 

( 1 2 8 ) 

( 1 2 9 ) 

( 1 3 0 ) 
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F . T H E M O M E N T U M E Q U A T I O N 

The pressure gradient force is given by — V p O. Applying (125) to Φ gives 

V p O = ν σ Φ - (σ/π) νπ(<9Φ/δσ), (134) 

which with substitution from Eq. (117) becomes 

ν ρ Φ •= ν σ Φ + σα νπ. (135) 

For σ < 0, ν ρ Φ = ν σ Φ . For σ > 0, the pressure gradient force consists 
of two terms, as shown by Eq. (135). Where the slope of the earth's surface 
is steep, the individual terms are large but are approximately in opposite 
directions. In the particular case where ν ρ Φ = 0, complete compensation 
occurs. 

The horizontal component of the equation of motion becomes 

d\/dt + / k x v + ν σ Φ + σα νπ = F, (136) 

where F is the horizontal frictional force and d\/dt is the horizontal accel­
eration. Note that 

π ( ν σ Φ + σα νπ) = ν,(πΦ) + (σπα - Φ) νπ, (137) 

which gives us another form of the equation of motion 

n(d\/dt + fk χ ν) + ν σ (πΦ) + (σπα - Φ) νπ = π¥, (138) 

E. T H E I N D I V I D U A L T I M E D E R I V A T I V E A N D I T S F L U X F O R M 

With the σ coordinate, the individual time derivative d/dt is expressed as 

d/dt = (3/δί)σ + v • V, + à(d/da). (131) 

With A an arbitrary scalar, (131) gives 

dA/dt = [(d/dt)a + ν · Vji4 + σ(δ/3σ)Α, (132) 

which is the advective form for dA/dt. Use of the continuity equation (126) 
then gives the flux form 

n(dA/dt) = (θ/δήσ(πΑ) + V. · (mA) + (δ/θσ)(πσΑ). (133) 
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or, using Eq. (118) in Eq. (138), 

n(d\/dt) 4- fk x πν + ν σ (πΦ) - (<3(Φσ)/<3σ) νπ = TEF. (139) 

G . T H E T H E R M O D Y N A M I C E N E R G Y E Q U A T I O N 

The specific entropy is cp In θ = const, and the first law of thermo­
dynamics is 

d/dt c p In θ = Q/T, (140) 

where Q is the heating rate per unit mass. The flux form which corresponds 
to Eq. (140) is 

~ (ncp In θ) + V · (τη*:- In Θ) + 4~ (nacv In 0) = π ~ . (141) 

dt οσ Τ 

The first law of thermodynamics can also be written as 

cp(dT/dt) = cooc + β, (142) 

where cpT is the specific enthalpy and 

ω = dp/dt = πσ + o{d/dt + ν · ν)π, 

as given by (111). The corresponding flux form is 

ô ô 
— (ncpT) + V. · (n\cpT) + — (nacpT) = π(ωα + β) . (143) 

Η . T H E W A T E R V A P O R A N D O Z O N E C O N T I N U I T Y E Q U A T I O N S 

Let q be the mixing ratio of either water vapor or ozone. The continuity 
equation for either variable is expressed by 

dq/dt = S, (144) 

where S is the source term. The corresponding flux form is 

(d/dt)(nq) + Va · (n\q) + (d/dc)(naq) = nS. (145) 



T H E U C L A G E N E R A L C I R C U L A T I O N M O D E L 213 

V. The Vertical Difference Scheme of the Model 

A . S O M E I N T E G R A L P R O P E R T I E S O F T H E A D I A B A T I C F R I C T I O N L E S S 

A T M O S P H E R E 

The following integral properties of the governing equations, or of selected 
terms in these equations, are useful in designing the vertical finite difference 
scheme. 

1. Mass Conservatism 

Equation (130) gives 

The area integral of Eq. (146) over the entire globe makes the divergence 
term vanish, which means that the total mass of the model atmosphere is 
conserved. 

2. Vertically Integrated Horizontal Pressure Gradient Force 

With the ρ coordinate, the horizontal pressure gradient force per unit 
mass is — νρΦ. Vertical integration with respect to mass gives 

where Φ 5 = gzs, and z s is the height of the earth's surface. The first term in 
brackets in Eq. (147) is a gradient vector, and a line integral of its tangential 
component taken along an arbitrary closed curve on the sphere always 
vanishes. Only the second term contributes to such a line integral and 
therefore only when there is a nonhorizontal boundary surface can there 
be any acceleration of the circulation (any "spin-up" or "spin down" of the 
vertically integrated atmosphere) by the pressure gradient force. 

With the σ coordinate, the horizontal pressure gradient force per unit 
δσ is given by 

(146) 

(147) 

- 1Μνσ(πΦ) - [3(Φσ)/3σ] VTT} 

(148) 
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[see Eq. (139)]. Vertical integration with respect to σ gives 

1 
a J - i 

δ(Φσ) 
οσ 

da = -- V π Φ ^ σ - Φ 8 ν π , (149) 

where the fact that ν π = 0 for σ < 0 has been used. F rom Eqs. (110) and 
(108) it is easy to show that Eq. (149) is equivalent to Eq. (147). 

3. Conservation of Total Energy 

The equation of motion (136) readily gives the kinetic energy equation 

n(d/dt)^\2 = - π ν · ( ν σ Φ + σα νπ ) + πν · F. (150) 

The left-hand side of Eq. (150) can be written in the flux form given by Eq. 
(133) with A = jv2 as follows 

^ ) (πέν 2 ) + ν σ · ( π ν ^ 2 ) + ^ ( π ^ ν 2 ) 

= — πν · [ ν σ Φ + σα ν π ] + πν · F. (151) 

The rate of kinetic energy generation by the pressure gradient force per 
unit δσ/g is thus - π ν · [ ν σ Φ + σα ν π ] . Using Eqs. (126), (117), (118), and 
(111), this becomes 

- πν · [ ν σ Φ + σα ν π ] = - V f f · (πνΦ) + Φ ν σ · (πν) - σπαν · ν π 

= - ν σ · ( π ν Φ ) 
Γ δ . δπ 

- φ | > ( π σ ) + ¥ — σπαν · ν π 

δ δΦ δπ 
= - V · (πνΦ) - — (πσΦ) + π σ - Φ - — σπαν · ν π 

δσ δσ dt 

= - V · (πνΦ) - ^ - (πσΦ) + (σπα - Φ) ^ 
δσ dt 

π σ Ι — Η - ν · ν π 1 + πσ α 
Kdt 

= - ν σ ( π ν Φ ) 
d ( 

— πσΦ + 
δσ\ 

Φσ πωα, 

(152) 
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s o t h a t 

V f f · ( π ν Φ ) + σ - + π σ ) φ π ν · [ ν σ Φ + σ α Υ π ] - π ω α . ( 1 5 3 ) 

T h e first l a w o f t h e r m o d y n a m i c s as g i v e n b y E q . ( 1 4 3 ) is 

j t (ncpT) + Va · (n\cpT) + ~ ( π σ ^ Γ ) = π β + π ω α . ( 1 5 4 ) 

T a k i n g t h e s u m o f E q s . ( 1 5 1 ) , ( 1 5 3 ) , a n d ( 1 5 4 ) , a n d i n t e g r a t i n g w i t h r e s p e c t 
t o σ f r o m — 1 t o 1 g i v e s 

d_ 

Jt 
Ps®s + J ! ! , π ( | ν 2 + c p T ) d f f + V · J _ \ π ν ( ^ ν 2 + c p T + Φ ) da 

= J ^ ( v F + β ) d a . ( 1 5 5 ) 

H e r e 3 π / δ ί = 0 a t a = - 1 , δ π / δ ί = δ ρ 8 / δ ί a t σ = 1 , 3 Φ 8 / 3 ί = 0 a n d E q s . 
( 1 1 3 ) a n d ( 1 1 4 ) h a v e b e e n u s e d . T h e a r e a i n t e g r a l o f E q . ( 1 5 5 ) o v e r t h e e n t i r e 
g l o b e m a k e s t h e c o n t r i b u t i o n o f t h e d i v e r g e n c e t e r m v a n i s h , a n d t o t a l e n e r g y 
is t h u s c o n s e r v e d w h e n F = 0 a n d β = 0. 

4 . Conservation of Total Potential Enthalpy and Total Entropy 

U n d e r a d i a b a t i c p r o c e s s e s t h e p o t e n t i a l t e m p e r a t u r e θ a n d t h e r e f o r e a n y 
f u n c t i o n o f t h e p o t e n t i a l t e m p e r a t u r e f(0) a r e c o n s e r v e d w i t h r e s p e c t t o a n 
a i r p a r c e l . T h e flux f o r m w h i c h c o r r e s p o n d s t o df(9)/dt = 0 is g i v e n b y 
E q . ( 1 3 3 ) , w i t h A r e p l a c e d b y / ( 0 ) ; t h a t is, 

( 3 / δ ί ) σ [ π / ( 0 ) ] + V f f · [ π ν / ( 0 ) ] + ( δ / δ σ ) [ π σ / ( 0 ) ] = 0 . 

I n t e g r a t i n g E q . ( 1 5 6 ) w i t h r e s p e c t t o a f r o m - 1 t o 1 g i v e s 

( 1 5 6 ) 

<3 n 
dt 

J_\ π / ( 0 ) da + V · π ν / ( 0 ) da = 0 , ( 1 5 7 ) 

w h e r e f{0) c a n b e a n y a r b i t r a r y f u n c t i o n o f 0 w h o s e g l o b a l i n t e g r a l w i t h 
r e s p e c t t o m a s s e x i s t s . B e c a u s e t h e d i v e r g e n c e t e r m i n E q . ( 1 5 7 ) v a n i s h e s 
w h e n t h e a r e a i n t e g r a l is t a k e n o v e r t h e e n t i r e g l o b e , t h e g l o b a l i n t e g r a l 
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of f(9) with respect to mass is conserved under adiabatic processes. Choosing 
f{0) = cp6 gives conservation of the total potential enthalpy, and choosing 
/(Θ) = cp In θ + const gives conservation of the total entropy. 

The conservation of these quantities can be interpreted from a different 
point of view. For simplicity, consider motion in a stably stratified a tmo­
sphere. Under adiabatic processes, air parcels that carry potential tempera­
tures larger than θ0 stay above the isentropic surface θ = θ0, and air parcels 
that carry potential temperatures smaller than θ0 stay below the isentropic 
surface θ — θ0 ; therefore the total mass of air above the isentropic surface 
is constant. This holds even when the isentropic surface intersects the 
ground, as does the surface θ = θ± in Fig. 19. In this respect, the earth's 
surface can be regarded as a continuation of the isentropic surface, as shown 
by the heavy line in the figure. Then, for quasi-static motion, the horizontal 
average of the pressure on each isentropic surface ρ{θ) does not change with 
time. (This constraint was used by Lorenz (1955) in deriving an expression 
for available potential energy.) Because (1/g) dp (θ)/άθ is the mass of air 
per unit horizontal area and per unit increment of θ in the vertical, dp (θ)/άθ 
is termed the "mass density function in θ space." Since ρ(θ) is constant in 
time, the mass density function is also constant in time. Figure 20 shows 
the shape of the function for a typical situation. The reciprocal of the density 
function is closely related to the static stability (but not exactly related, 
unless the isentropic surfaces coincide with the isobaric surfaces). 

The global integral of f(9) with respect to mass, where f(6) is any function 
for which the integral exists, can be related to the mass density function 

FIG. 19 . Isentropic surfaces, one of which intersects the earth's surface. 

dp 
de 

FIG. 20. Schematic representation of a typical distribution of the mass density function 
in θ space. 
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as follows 

(158) 

where for simplicity it has been assumed that ρΎ = 0 and therefore θτ = o o . 
Here, the bar over the integral denotes the horizontal average; p s and 9S 

are, respectively, ρ and θ at the earth's surface, and 9min = min (9S). In 
changing the lower limit of the integral from 9S to 0 m i n , δρ/δθ = 0 for 
9S > 9 > 9min has been used. Thus conservation of the global integral of 
f(9) with respect to mass is equivalent to a constraint on the density function. 
For example, when f(9) = 9n, the integral gives the nth moment of the 
density function. 

In order to fully constrain the density function, it is generally necessary 
to specify an infinite sequence of moments or an integral transform such 
as the momentum generating function or the characteristic function. In a 
discrete system, however, such a full constraint on the density function is 
not possible unless the isentropic surfaces are taken as coordinate surfaces. 
In the next subsection it is shown that reasonably simple vertical difference 
schemes can exactly conserve global integrals with respect to mass of only 
two independent functions of 0, say f(9) and g(9); that is, only two indepen­
dent constraints on the density function can be formally satisified. Con­
sequently, some false distortion of the density function by discretization 
errors cannot be avoided in numerical simulation. It is to be expected, 
however, that certain features of the density function can be maintained by 
proper choice of f{9) and g(9). 

The vertical difference scheme for the first law of thermodynamics in the 
current UCLA general circulation model has been derived with f(9) = 9 
and g(9) = In 9 as the two functions. This choice is based on the following 
physical reasoning. Choosing f(9) = θ guarantees conservation of the first 
moment of the density function and, therefore, guarantees conservation of 
mean potential enthalpy, which is of physical importance. Lorenz (1960) 
showed that if we define a gross static stability S by 

s = ( h ) K E _ I P + I X 

\p0J 1 + κ 
(159) 
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where Ε and (P + / ) are, respectively, the potential enthalpy and the total 
potential energy of the whole atmosphere and ps is the mean surface pressure, 
S becomes a weighted vertical integral of the static stability. Then, because 
d(P + 1)1 dt = -dK/dt, when Q = 0 and F = 0, where Κ is the kinetic 
energy of the whole atmosphere, dE/dt = 0 guarantees 

Thus when potential enthalpy is conserved, energy conversion from total 
potential energy to kinetic energy, which requires rising of warmer air and 
sinking of colder air, stabilizes the atmosphere. 

The earlier U C L A general circulation models used g(9) = 02. That choice, 
together with f(9) = 0, guaranteed conservation of the second moment 
about the mean of the density function and, therefore, guaranteed conserva­
tion of the variance of the potential temperature. That was a reasonable 
choice for the earlier versions of the model, for they covered only the t ropo­
sphere and the potential temperature distribution in the troposphere does 
not deviate greatly from a Gaussian distribution. That choice also guaranteed 
the approximate conservation of the total entropy because 

for small 0'/0m, where the subscript m denotes the mean and 9' = 9 — 0m. 
However, the potential temperature distribution in the coupled t ropo­

sphere-stratosphere system is highly skewed (see Fig. 20); and conservation 
of the second moment is not necessarily an effective constraint on the 
density function near its maximum, because the very large potential tem­
peratures in the stratosphere make a dominant contribution to the second 
moment. With the present choice of g(9) = In 0, instead of conservation of 
the variance, there is conservation of (In 0)m — 0m, which is a measure of the 
broadening of the density function near its maximum [see Eq. (161)]. In 
addition, g(9) = In 0 guarantees the conservation of total entropy, which 
is a quantity of physical importance. Furthermore, as is shown in the next 
subsection, the finite-difference hydrostatic equation that is energetically 
consistent with this choice of g(9) is very accurate for a wide range of vertical 
profiles of temperature. 
B . A V E R T I C A L D I F F E R E N C E S C H E M E W H I C H M A I N T A I N S I N T E G R A L 

P R O P E R T I E S 

dS/dt = dK/dt. (160) 

(In 0)m = In 0m + [(070m)2]] 
(161) 

In this subsection the vertical differencing of all the basic equations 
except the water vapor and ozone continuity equations is presented. The 
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vertical differencing is designed to maintain finite-difference analogs of the 
integral constraints discussed in the last subsection. 

1. The Vertical Index 

The model atmosphere is divided into Κ layers by Κ A levels of constant 
σ. The layers are identified with odd k and carry the velocity v, the tem­
perature T, the water vapor mixing ratio q, and the ozone mixing ratio 0 3 . 
The levels which divide the layers are identified with even k and carry πσ. 
The upper boundary ρ = p x , the level ρ = ρ,, and the lower boundary 
ρ = Ps are identified with k = 0, k = fcl5 and k = Κ + 1, respectively 
(see Fig. 21). Define, for odd /c, 

then 

Δσ* = a k + 1 - ak-x; (162) 

Σ Δσ, = 1 and £ ' Aak = 1, (163) 

where ]Γ' represents a summation over odd k. 

k 0 7rcr = 0 σ = -Ι 
I v , T , q , 0 3 

2 ττσ σ-σζ 

3 w , T, q 

k j _ - l v , T , q , 0 3 

lu _ ττ-σ- c 
k I + | V , T , q , 0 3 

ι k - 2 v , T , q , 0 3 

k - l • — ira σ =σ . 

CT k ν , T , q , 0 3 

k + | — _ τ τ ό - σ =σ. . . 
k+2 ν , Τ , q , 0 3 

Κ - 2 v , T , q , 0 3 

Κ ν , Τ , ς , 0 3

 Κ " ' 

Κ + Ι — — τ τ σ = 0 σ = Ι 

FIG. 21. The vertical structure of the model, showing distribution of the prognostic variables; 
solid lines (even k) indicate the levels dividing the layers; dashed lines (odd k) indicate levels 
within layers at which prognostic variables are carried (exact position discussed in Section V). 
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2. The Equation of Continuity 

The continuity equation is written in the form 

^ + V · ( π Λ ) + ~ [(na)k+1 - ( π σ ) ^ ] = 0, (164) 

where k is odd. We have 

(πυ for k < L 
π * = i f , / (165) [nL for k > fc,. 

With δπ λ /3 ί = 0 for A: < /c,, 3πλ/<3ί = dnjdt for fc > fcl5 and (πσ) 0 = 
( π σ ) * + 1 = 0, £ f = 1 (164) Δσ λ gives 

δπ κ 

- Σ ν · ( π Λ ) Δ σ Λ , (166) 

which is an analog of Eq. (130). Because dnjdt = dps/dt, and the area 
integral of the right-hand side of Eq. (166) over the entire globe vanishes, 
total mass conservation is maintained with this vertical differencing for 
the continuity equation. 

The quantity ( π σ ) Η 1 is given by 

(na)k+l = - V · (nk\k) Aak for k < kl9 

(167) 
k=l 

k dn 
(na)k+1 = - Σ' V · (nkvk) Aak - a k + 1 —± for k > kl9 

k=i dt 

which are analogs of Eqs. (128) and (129). 

3. Flux Forms 

For any variable A carried by the layers, the flux form analogous to 
Eq. (133) can be written as 

d 1 
fa faA) + V · (nkykAk) + — l(na)k+1Âk+1 - (πσ^-^-ά (168) 
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where the variable A, defined at the levels between layers, is obtained by 
some manner of interpolation from A. Whatever the form of the interpola­
tion, however, Eq. (168) guarantees that the analog of the global integral 
of A with respect to mass is conserved as far as advective processes are 
concerned, because £ ' f = i (168) Aak gives 

d κ κ 

Σ' nkAk Δσ* + £ ' V · (nkykAk) Aak9 

0 1 k=l k =1 
and the second term vanishes when the area integral over the entire globe 
is taken. 

Equations (164) and (168) give the expression 

{nt)k

=nk{i+yk'v)Ak 

+ ^ [ N k + i ( 4 + i - Ak) + (na^Mk ~ Λ - ι ) ] > ( 1 6 9 ) 

which when divided by nk gives the advective form for dA/dt which is con­
sistent with the flux form in Eq. (168). 

So far, the choice of A is completely arbitrary, provided that the choice 
does not violate the consistency of the scheme with the original differential 
equation. It is possible, then, to satisfy an additional requirement. 

Let us require also that the finite-difference analog of the global integral 
of F (A) with respect to mass be conserved. Let Fk = F(Ak) and Fk = 
dF(Ak)/dAk. Then (169) multiplied by F'k gives 

nk + vfc · Fk + [(na)k+iF,

k(Ak+l - Ak) + {πσ\. ^F'^ - Λ - ι ) ] · 

(170) 

Using the equation of continuity, (170) can be rewritten as 

ô 1 
^ ( ι Λ ) + V · (nk\kFk) + — [(na)k+1{F'k(Âk+1 - Ak) + Fk} 

- (na)k^{-F'k(Ak - Âk^) + Fk}l (171) 
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In order that (171) be in flux form, it is necessary that 

Fk + i — F

k(Ak+1 ~ Ah) + Fk, 

Fk-i = -F'kiA - Λ - i ) + Fk. 
(172) 

(173) 

Replacing k in Eq. (173) by k + 2 and eliminating Fk+1 with Eq. (172) gives 

(F'k+2Ak+2 ~ Fk+2) - (FkAk - Fk) Ak+i — 
F' 
r k + 2 

Fi 
(174) 

This may be interpreted as a finite-difference analog to the identity 

d(F'A - F) 
A = 

dF' 

When F(A) = A2, for example, Eq. (174) gives 

Âk+i = \(Ak Η- Ak + 2). 

(175) 

(176) 

That this constraint on Ak+1 leads to conservation of the global integral 
of A2 with respect to mass was first pointed out by Lorenz (1960). 

4. Vertically Integrated Horizontal Pressure Gradient Force 

In order to maintain the property of the vertically integrated horizontal 
pressure gradient force discussed in Section V, A, 2, it is convenient to start 
from the form given in Eq. (139). The terms ν σ (πΦ) - δ/δσ(Φσ) Vu are 
written for odd k as 

(177) 

Again, the caret is a reminder that a variable is evaluated at the levels, 
that is, at even k. The analog to Eq. (149) is 

1 K 1 
— £ ' (180)Δσ λ = -

Qk = i G V Σ' π * ( φ * " ^s ) Δσ, j + (Α - pr) V $ (178) 

In this way the integral property is maintained. 
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The terms in (177) are equivalent to 

nk V(Dk + [O k - (1/Δσ,)(Φ,+ 1 σ λ + 1 - Φ,-,σ̂ )] Vnh. (179) 

If we let 

π,(σα), = Φ, - (l/Aak)(êk+lak+1 - Φ,̂ σ,-Ο, (180) 

(179) can be written as 

π,[νΦ, + ( σ α ) , ν π , ] , (181) 

which is the analog to π(νΦ + σα νπ) , another form of the horizontal pres­
sure gradient force. Equat ion (180) provides an analog to Eq. (118), one form 
of the hydrostatic equation. However, because Φ is not yet specified, Eq. (180) 
must be considered at this stage only a definition of the symbol (σα)Λ. 

5. The Kinetic Energy Equation 

Following (169), the acceleration term is written as 

nJt)rn*[Tt + (ν, · V) 

+ [(π*)*+ι(ν* + ι - yk) + ( π σ ) * . ^ - V i ) ] - (182) 

To have a flux form for vk · (π d\/dt)k, Eq. (176) is used with A = v; that is 

v f e + i = i (v k + v k + 2 ) . (183) 

This guarantees the conservation of total kinetic energy, insofar as vertical 
advection is concerned. The finite-difference expression for the kinetic energy 
in a vertical column per unit horizontal area is 

- Σ Win Ασ\. (184) 
9k=i 
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To obtain the kinetic energy generation in finite-difference form, the pro­
cedure used in deriving Eq. (152) is followed: 

-rc f cv f c-[V0> f c + (aa)kVnk~\ 

[ 1 δτι ~ 

^ { ( π σ ) λ + 1 - + 
- nk(aoc)k\k · Vnk 

= - V · (nkvk(&k) - - r ^ - {(na)k + 1 ê k + 1 - (πσ^-,Φ^,} 
Δσ* 

+ 4~[(na)k+i(êk+i - Φ,) + (πσ) λ _ 1 (Φ λ - Φ,-,)] 

= -ν·(πλνλΦλ) - - τ ^ - { ( π σ ) λ + ι Φ λ + ι - (̂ -A-J ( / \ -y Ô7lfc 
+ |%(σα) λ - Φ Λ } — - nk 

δ \ 1 

χ { ( u < T ) k + 1 ( Ô k + 1 - Φ,,) + (πό^-ΛΦ* - Φ * - 1 ) } 

- V · ( π Λ φ Λ - | ( π σ ) 4 + 1 + σ * + 1 Φ * + 1 

(185) 

Here (œoc)k is defined by 

(œoc)k = (σα)λ I — + vfc · V J nk 

nk ΔσΑ 

{(πσ) Λ + 1 (Φ* + 1 - Φ,) + (πσ) λ _ 1 (Φ λ - Φ ^ ) } . (186) 

At this stage, Eq. (186) is the definition of the symbol (ωα)Λ. 
F rom a finite-difference scheme for the first law of thermodynamics, 

another expression for (œa)k will be derived. With Eq. (186), this will deter-
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mine a form for (σα)* that, with (180), will fix the discrete form of the 
hydrostatic equation. 

6. Thermodynamic Energy Equation 

In this subsection, a vertical differencing of the thermodynamic energy 
equation is presented that maintains conservation of total potential enthalpy 
and total entropy under adiabatic processes. 

To conserve an analog of the global integral of the potential temperature 
θ = T(p0/p)K with respect to mass, the form given by (168) is used with 
A = Θ. Then, 

and Pk is an analog to (p/p0)K for the layer k. The actual form for Pk used 
in the model will be described later. Here it is sufficient to assume that Pk 

is a function of nk, o k - u and a k + 1 only. 
The earlier versions of the U C L A general circulation model used 9k+1 = 

i(#fc + # f c + 2 ) following Eq. (176). The present model, however, requires 
conservation of an analog of the global integral of In θ with respect to 
mass. Equat ion (174) with A = θ and F(A) — In θ gives 

0, (187) 

where the heating term is omitted for convenience. Here 

&k = Tk/Pk 

(188) 

0i 'k+l = 
In ek - In 6 k + 2 

l / 0 f c + 2 - I/O* ' 
(189) 

The corresponding advective form is given by 

Π * ( £ + V V W T - t { n a ) k + 1 & +1 - e * ) + - - 0* - 1 ) ] = 0 . ( 1 9 0 ) 

Substituting Eq. ( 1 8 8 ) into Eq. ( 1 9 0 ) gives 

+ 4 - W + i ( P k i i ~ Tk) + ( T K T W T I - P A - i ) ] = 0 , ( 1 9 1 ) 
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or, introducing f to make the left-hand side an analog of nd(cpT)/dt, 

*k + Vfc ' V̂ j cp Tk + [(na)k + icp(Tk+l-Tk) + (πσ\ _ ! c p( Tk - f k _ J ] 

= + V* ' V ) + AVk R** w n + 1 ~ P A + 1 ) 

+ ( π σ ) λ _ ^ ρ ( Ρ Α - ι - Γ , - ι ) ] . (192) 

The dependence of f on the odd index temperatures need not be specified 
at this point. The left-hand side of Eq. (192) may be written in flux form, as 

d c 
— (ncpTk) + V · (n\kcpTk) + -^(nak+1Tk+i - π σ ^ Τ ^ ) . (193) 

7. Total Energy Conservation and the Hydrostatic Equation 

In order that the total energy be conserved under an adiabatic, frictionless 
process, the right-hand side of Eq. (192) must agree with nk(œ<x)k9 where 
(coa)fc is defined by Eq. (186). For k < kl9 nk = πυ = const and therefore 
(d/dt + \ k - V)nk = 0. For k > kY, (d/dt + \ k · V)nk is generally not zero, so 
that it is necessary to require 

r Τ dP 

(4 = Vr for k>k*- (194) 

P K dnk 

Comparison with Eq. (180) which also defines (σα\ gives 
1 c Τ dP 

Φ* - ν - ( Φ * + ι σ * + 1 - Φ * - ^ - J = ^ l - V ^ for k > Κ (195) 
Aak Pk dnk 

This is the form of the hydrostatic equation that corresponds to Eq. (118). 
It must also be required for all odd k that 

cp(fk+1- ΡΑ+ι) = Φ,-Φ,+ 1 (196) 

and 

cv(PA-i ~ î * - i ) = Ô k - i - Φ*. (197) 



THE UCLA GENERAL CIRCULATION MODEL 227 

Rearranging the terms, 

(cpfk+1 + Ô k + 1 ) - (cpTk + <Dfc) = P f e c p ( 0 k + 1 - 0 k ) , (198) 

and 

(cpTh + <6 k ) - (cpfk.1 + ΦΗ_Χ) = P k c p ( 0 k - Ô k_!), (199) 

where 0 k + 1 (and therefore 0 k _ ! ) is given by Eq. (189). Equations (198) and 
(199) are analogs of the form of the hydrostatic equation given by Eq. (122). 

Replacing k in Eq. (199) by k + 2 and adding it to Eq. (198) gives 

(cpTk + 2 + Φ, + 2 ) - (cpTk + O k) 

= c p [ P k + 2 ( 0 k + 2 " 9 k + 1 ) + n ( ^ + i - 0 * ) ] , (200) 

or, using Eq. (188), 

Φ* + 2 ~ Φ* = -cp(Pk + 2 ~ Pk)Gk+i. (201) 

Equation (200) is an analog of Eq. (122) and Eq. (201) is an analog of Eq. 
(120). Using Eq.(189), 

* » - * - ' ' £ t ^ m ^ ' - r * ( 2 0 2 ) 

Equation (202) is a finite-difference approximation of Eq. (121): 

δΦ = cp[d\n θ/ά(\/θ)-]δ(ρ/Ρο)« 

or of 

δΦ = φ(ρ/ΡοΤ/δ(1/θ)-]δ In 0 . 

Equation (202) is used to compute Φ1( for odd fc. To do so, it is necessary 
to know Φ at a single odd fc, say k = K; and Eq. (195) can be used for this 
purpose. F rom Eq. (195), 

K K r Τ r)P 

k=ki+ 1 
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However, Σ** *,+ x Φ λ Aak can be written as 

κ κ 
Σ Φ*Δσ* = Σ Φ*(**+ι ~ σ*-ι) (204) 

i t = ki+l k = ki+l 
Κ-2 

= φ*+ Σ' σ , + 1 ( Φ λ - Φ λ + 2 ) . 
k = fci+ 1 

Equations (204) and (203) then give 

κ c T dP κ~2 

Φ * = Φ δ + Σ' n J k ± T ± " Σ' σ,+ 1(Φ,-Φ, + 2) (205) 
K = KI+L R K OKK K = KI+1 

8. Summary of Subsections 5-8 

A vertical difference scheme has now been constructed that maintains the 
property of the vertically integrated horizontal pressure gradient force, total 
energy conservation under adiabatic and frictionless processes, and conser­
vation of θ and In 0, integrated over the entire mass under adiabatic processes. 
The function Pk, however, which is an analog to (p/p0)K for the layer fc, 
remains to be determined. 

a. Pressure Gradient Force. F rom Eqs. (180) and (194), expression (177) 
becomes 

( c Τ dP \ 

π ' 1 ^ ^ _ Φ 7 ν π * ' (206) 
where 

= U u = Pi - PT, for fc < fc, 
% K ~~ \ N L = Ps - Pu for fc > fc,. 

b. The Hydrostatic Equation. Equations (205) and (201) give 

K c Τ fiP K~2 

Φχ = Φ 5 + Σ' ^ L V ? - Σ' ^k+icpek+1(Pk + 2 - Pk\ (207) 
k = ki+ 1 * K 0%K K = KI+ 1 

Φ* — Φ * + 2 = CP(Pk + 2 — Pk$k+U (207) 

where 
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C . V E R T I C A L P R O P A G A T I O N O F W A V E E N E R G Y I N A N I S O T H E R M A L 

A T M O S P H E R E 

In this subsection, the effect of the vertical differencing scheme in current 
use in the model on the vertical propagation of wave energy in an isothermal 
atmosphere is examined. The material presented here is based on part of a 
forthcoming paper by Tokioka. His study provided the foundation for our 
choice of the depth of the layers and the function Pk in the stratosphere. 

1. The Vertical Structure Equation—Continuous Case 

The quasi-static system of equations, linearized with respect to perturba­
tions on a resting, isothermal basic state, may be written with the pressure 
coordinate as 

$ - (2Ω sin φ)ν + — - ^ = 0, (210) 
δί a cos φ δλ 

^ + (2Ω8ΐηφ)Η+-̂  = 0, (211) 
dt α δφ 

— - ω = 0, (212) 
dt c p ρ 

Οφ/δρ = -RT/p, (213) 

du + Φ c o s y ) + δω = ^ ( 2 1 4 ) 

a cos φ δλ ' a cos φ δφ ' δρ 

where λ and φ are longitude and latitude, u and ν are the eastward and north­
ward components of the perturbation velocity, φ is the perturbation geopo-
tential, ω is the perturbation ρ velocity, Τ is the perturbation temperature, 
a is the radius of the earth, Ω is the angular speed of rotat ion of the earth, 
and T0 is the constant temperature of the basic state. 

c. The Thermodynamic Energy Equation. Using Eq. (193) for the left-
hand side of Eq. (192), rearranging terms, dividing by c p , and restoring the 
the heating term gives 

δ 1 
jt(lt,Tt) + ν · ( » Λ Γ , ) + — [ ( « * W A . i ) - ( * < > ) » - i C A - i ) ] 

--^t(I+"v)**+"'a/c'- <209) 
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Let us consider a solution of the form 

! Λ /fi\ 
V 

φ 
= Re 

V 

φ 
exp[;'(sA + σί)], (215) 

where s is the longitudinal wave number, assumed positive, and σ is the 
angular frequency. A positive σ then represents a westward-moving wave 
and a negative σ represents an eastward-moving wave. Using Eq. (215), 
Eqs. (210)-(214) become 

φ = 0 
is 

ion — (2Ω sin ψ)ν Η 
a cos φ 

ΐσν Η- (2Ω sin φ)ΰ + (1/α){δφ/δφ) = 0, 
lot - (RT0/cpp)œ = 0 

δφ/Ôp = -(R/p)f, 
d(v cos ω) οώ 

isu H h a cos φ - τ — = 0. 
δφ dp 

(216) 

(217) 

(218) 

(219) 

(220) 

Following the theory of the atmospheric tides, û and ν are eliminated 
from Eqs. (216), (217), and (220), giving 

JS? (ίσφ) = 4α2Ω2{δώ/ορ), 

where the differential operator i f is given by 

1 Λ / 2 + μ 2 

(221) 

δμ \f2 - μ2 δμ) f2 - μ2 \μ f2 - μ2 1 - μ + 

and 

μ = sin (ρ and / = σ/2Ω. 

Equations (218) and (219), on the other hand, give 

δ/δρ(ΐσφ) = -(R2T0/cpp2)œ. (222) 
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Eliminating φ between Eqs. (221) and (222) gives a single equation for ώ, 

£e (ω) + {cpp2/R2T0)4a2Q2(ô2œ/dp2) = 0. (223) 

Let 

ώ = F(p)W(p). (224) 

Then Eq. (223) can be separated into horizontal and vertical structure 
equations, given respectively by 

&F = eF (225) 

and 

d2W/dp2 = -(KH0/h)(l/p2)W, (226) 

where ε is the separation constant, h is the equivalent depth defined by 
ε = 4Q2a2/gh, H0 = R T0/g is the scale height of the isothermal atmosphere, 
and κ = R/cp. 

Transformation of the dependent variable in the vertical structure equation 
(226) from W to W = {p/Po)~lt2W gives 

d2W/dC2 = -n2W, (227) 

where ζ is —In (p/p0\ the height scaled by H0; p0 is a standard pressure; 
and η is defined by 

η EE (K(H0/h) - i ) 1 / 2 . (228) 

The quantity η gives the vertical wave number and therefore a measure of 
the index of refraction for vertical wave energy propagation. For a given 
equivalent depth, the vertical wave number η is constant in height. When η 
is real, the waves are oscillatory in height (internal waves), and transfer 
wave energy vertically; η is real for the range 0 < h < 4 KHq, that is, for 
ε > (Qa)2/gKH0 ( - 1 0 for Τ - 270 °K). 

The thin line in Fig. 22 shows η as a function of the parameter ε. Here 
T0 = 270 °K and therefore H0 — 7.91 km. The vertical wavelength is ap­
proximately (49.7/n) km. 
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FIG. 2 2 . Comparison between the vertical wave number η in the differential case, defined 
by Eq. ( 2 2 8 ) , and that given by the vertical difference analog of the vertical structure equation 
( 2 4 3 ) . 

2. The Vertical Structure Equation—Discrete Case 

That the vertical wave number is constant in height for a given equivalent 
depth means that the index of refraction is constant in height, so that no 
internal reflection of wave energy takes place. This important property of 
an isothermal atmosphere is not necessarily maintained in a discrete model, 
where vertical differencing is employed. It will be shown here that the vertical 
differencing described in Section V, Β maintains that property when the 
depths of the layers are equal in log ρ and 

Using the vertical index k of Section V, B, the discrete versions of Eqs. 
(216)-(220) may be written as 

Pk = i(pk-iPk+i)m/PoY- (229) 

ÎGÛk — 2Ω sin (pvk + is 
k = o, (230) 

a cos φ 

iavk + 2Ω sin cpuk + (l/a)(d(f)k/d(p) = 0, 

ictk - (T0/APk)(Qk

lœk^ + S k ^ k + 1 ) = 0, 

$k - $k + 2 = Cp(Sk

2Tk + Qk + 2TK + 2 ) , 

(231) 

(232) 

(233) 

= 0, (234) 

where S^ 1, S k

2 , Qk, and Qk

2 are coefficients which depend on the vertical 
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differencing of the thermodynamic energy equation and the hydrostatic 
equation. 

With the vertical differencing given by Eqs. (209) and (201), the coefficients 
are defined as follows : 

Qk1 =(PJT0)(êk.1 - e k \ 

Sk1 = (PJToWk - ^k+i), _ 
Sk

2 = (l/Pk)(Pk+2 - Pk){ddk+J/dSk)L 

Q2

k+2 = (l/Pk + 2)(Pk+2 - Pk)(ôêk+1/Ô9k+2), 

(235) 

(236) 

(237) 

(238) 

where the overbar denotes the basic state. For an isothermal basic state, 
with the definition of 9 k + 1 given by Eq. (208), these coefficients become 

Qk1 = Qk

2 = 

S,1 = Sk

2 = l + 

1 + 
ln(Pk-2/Pk) 

1 - (Pk-2/Pk) 
In (Pk+2/Pk) 

1 - (Pk+2/Pk) 

The equations corresponding to Eqs. (221) and (222) are then 

(239) 

(240) 

(241) Se{ia$k) = 4 α 2 Ω 2 [ ( ώ * + 1 - ώ^^/Αρ^, 
ia{$k - 4>k+2) = CpToKSJApJiQ^-i + Skœk+1) 

+ (Qk+2/&Pk + 2)(Qk+2<X>k+l + S* + 2<wk + 3 ) ] , (242) 

where the superscripts of S and Q can now be omitted. Equat ions (224), 
(241), and (242) give a finite-difference analog of the vertical structure 
equation (226): 

Wk^-Wk+l Wk+1-Wk+3__CJ, 

+ 

gh 

Qk + 2 

0 $k (QkWk-i + skwk+1) 

(Qk+2Wk+i + s k + 2 w k + 3 ) (243) 
APk+2 

When the even levels are chosen such that the intervals are equal in log p, 

flkWA-ise4 (244) 

for any odd k, where the constant d is the depth in ζ of each layer in the 
model. With the choice of Pk given by Eq. (229), Pk-2/Pk is then constant 
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and, therefore, the coefficients Sk and Qk are constant. Equations (239), 
(240), (244), and (229) give 

e~K — 1 — κά 
Q* = Q= X _ e - K i > (245) 

and 

In addition, 

and 

eKd - 1 - κά 

Pk +1 Pk + 1 1 
Δρ* - pk-! I - e~ 

Pk+l _ Pk+1 _ 1 
+ 2 Pfc + 3 - c d - 1' 

(247) 

(248) 

which are also constant. Multiplication of Eq. (243) by pk+1 and use of 
Eqs. (247) and (248) gives a constant coefficient difference equation for W9 

whose solution is formally identical to the solution of Eq. (227). As a result, 
the vertical wave number η is constant in height for an isothermal a tmo­
sphere, just as it is in the continuous case. Spurious computational reflection 
of wave energy due to the discretization is thus prevented as far as a resting 
isothermal atmosphere is concerned. For these reasons, an equal interval 
in log ρ between even levels and the function Pk given by Eq. (229) have 
been chosen for the stratospheric part of the model (see Fig. 1). A value of 
d = 0.657 is used, that is, é = 1.93. 

The heavy line in Fig. 22 shows the index of refraction obtained from the 
discrete model for the same isothermal atmosphere as in the continuous 
case. Although η is constant in height, there is some unavoidable error as η 
approaches π/d, the highest resolvable wave number. 

D . F I N A L D E T E R M I N A T I O N O F T H E V E R T I C A L D I F F E R E N C E S C H E M E 

Thus far, each layer of the model and its corresponding representative 
temperature Tk9 potential temperature 0k9 and geopotential have been 
identified by an odd value of the index k. The variables 0 k , 0 f c , and Tk are 
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uniquely related once the function Pk is defined. For a time integration, 
it is unnecessary to specify the particular levels within the layers at which 
these variables are carried. However, when it is necessary to compare the 
model results with observations or when it is necessary for the purpose of 
actual numerical weather predictions to initialize the model from observa­
tions, levels must be chosen, somewhere near the center of each layer, to 
which the values of T f c, 0 f c, and φίι can be assigned. The same odd index k 
will be used to identify such levels. 

Once the function Pk is specified, it is logical to define pk by 

The odd levels ρ = pk determined by Eqs. (229) and (249) are constant 
pressure levels (and, therefore, constant σ levels) centered in log p. Then, 
with 6k = Tk(p0/pk)K, no discretization error exists in the definition of the 
potential temperature. 

The discrete hydrostatic equation, however, given by Eqs. (207) and (207'), 
is generally subject to discretization errors. As Phillips (1974) pointed out, 
these errors can be intolerably large unless the function Pk is properly 
chosen. The function Pk has already been defined for the stratosphere 
(k < /c,) by Eq. (229), based on considerations of vertical energy propagation. 
This choice turns out to be satisfactory from the point of view of the accuracy 
of the discretized hydrostatic equation as well. The difference — Φ Λ + 2 

given by Eqs. (207') and (208) is exact for an atmosphere that is isothermal 
between levels k and k + 2. 

For the troposphere, however, the function Pk has not yet been defined. 
The earlier U C L A general circulation models, including the earlier version 
of the 12-level model, used Eq. (249) with Pk = fè(pk-i + Pk+i)/PoY-
Phillips has pointed out that with such a choice, calculation of 6k from 
given Φ1ί (which is a necessary procedure for initialization of the model for 
numerical weather prediction from an observed initial geopotential field) 
shows a large ampli tude oscillation in 9k from level to level. Phillips showed 
that Pk given by 

(Pk/PoT = Pk. (249) 

Po 

1 n 1 + K — n 1 + K _ 1 Pk+1 Pk-1 
K 1 + κ - pk-i 

(250) 

drastically reduced this deficiency. Tokioka shows in a forthcoming paper 
that use of Eq. (250) does give the exact value of 6k from Φ,ί when the a tmo­
sphere is isentropic. He also showed that the opt imum choice of Pk for a 
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polytropic atmosphere, for which Tk(p0/pk)a is constant in height, is 

Po 
1 (Pfc + i — Pk-i) 

1 + a Pk+i - Pk-i 
(251) 

The current version of the model uses a = 0.205, which approximately 
gives the normally observed stratification. 

VI. The Horizontal Difference Scheme of the Model 

A . T H E G O V E R N I N G E Q U A T I O N S I N O R T H O G O N A L C U R V I L I N E A R 

C O O R D I N A T E S 

Let the orthogonal curvilinear coordinates be ξ and η. Let the actual 
distances corresponding to άξ and άη be (ds^ and (ds\, respectively, and 
define the metric factors m, n such that 

•(ds)4 = ( l /m)di , (252) 

and 

(ds)„ = (1/n) άη. (253) 

V+àV\ 

AL 
m 

FIG. 23. A rectangular area element in the plane of the orthogonal curvilinear coordinates 
(C, ι/). 

For the rectangular area element in the ξ — η plane shown in Fig. 23, 
the actual lengths of the sides are Αξ/m and Αη/π, and the enclosed area is 
thus Αξ Αη/mn. Let the component of ν in ξ be u and the component of 
ν in η be v. 

1. The Equation of Continuity 

The divergence is 

δξ[μ(Δη/ήί] + δη[ν(Αξ/Μ)-] 
(Αξ/πι)(Αη/η) 

(254) 
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where δξ and δη are increments in the ξ and η directions, respectively. In 
the limit as Αξ, Αη 0, the divergence can be written 

V„ · ν = mn 

and the equation of continuity (126) thus becomes 

» ( ± ) + ° ( π ! ) + > ( τ ΐ ) + > ( « ) . Λ 

dt \mn J δζ\ nj δη \ m J δσ \mn J 
(256) 

2. The Equation of Motion 

The equation of motion (136) may be written as 

d\ d\ 
— + σ—+ (f + C)k χ ν + V(iv 2 + Φ) + σα νπ = F, 
ot οσ 

(257) 

where, by an argument similar to that for the divergence, the vorticity 
ζ = k · V χ ν can be expressed as 

mn 
'δ_ ίν\ _^(u_ 
δξ\ηΙ δη\m 

(258) 

The ξ component of (257) is then 

du du r . d fv\ d f u 
f + m n h r ? - - τ - -dç \nJ δη \ m 

+ m — (W + jv2 + Φ) + maa — = F*. 
δζ dç 

(259) 

Rearranging the terms, 

du du du du 
T t + m u M + n v T n + à T o -

. d 1 d 1 
f + mn[v-—- - u-

dç n dnm 

+ m 
5Φ dû 

(260) 
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Similarly, 

dv dv dv dv 
+ mu-— -Τ- nv —• + a—- + 

dt dç dn do 
, 5 1 d 1 

/ + mn[v-— u --
dç n dnm 

+ η 
δΦ dn 
dn dn 

(261) 

Combining (256) and (260) gives the flux form for the u momentum equation 

( η \ d (nu \ d (nv 
U) -\ I — M l -J I — ι 

\mn J 
d_ 
dt' 

d (nu \ d [nv \ d I no 
oç\n J dn \m J do \mn 

7 J 3 1 s i 
mn \ dç η δη m nv 

-Τ­
η '<9Φ dn 

δξ δξ 
-—F 
— Γ ξ 

mn 

(262) 

and the flux form for ν is similarly obtained, 

δ fnu \ δ (ην \ δ ( no 
Η — ν ) Η — ν ) Η — ν 

δξ\η J δη\m J do\mn 
δ_ 
Jt \mn J 

+ 
7 7 3 1 δ ι 

h ί V U 

mn \ δξ n δη m 

nu 

+ 
π 
m 

δΦ δη 
δη δη 

n 
mn 

(263) 

The general circulation model uses the spherical coordinates ξ = λ 
(longitude) and η = φ (latitude) where 1/m = a cos φ and 1/n = a. Thus, 
from this point on, consideration will be restricted to those coordinate 
systems such as spherical (or cylindrical) in which m and n do not depend 
on ξ. 

From (262) the (relative) angular momentum equation can be obtained, 

no u δ ί n u\ δ (nu u\ δ fnv u\ δ ( 
δί \mn m) δξ\η m) δη \m m) δσ \mn m / 
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3. The Thermodynamic Energy Equation 

The thermodynamic energy equation (143) can be expressed in curvilinear 
coordinates as 

d i n \ d /nu \ d Iπν \ K ô (πα _ 

= η σ Λ ( * ( ± ) + »% + 1*ί\+_π_ ( 2 6 5 ) 

\dt \mn J n dç m δη J mn 

B . H O R I Z O N T A L D I F F E R E N C I N G O F T H E G O V E R N I N G E Q U A T I O N S 

Despite the introduction here of the use of the σ coordinate and the pres­
ence of metric factors, the manner of derivation of a difference scheme for the 
continuity equation and for the advection and coriolis terms in the u and ν 
momentum equations so closely parallels the methods presented in Section 
I I I , C that the representation chosen for these terms will be presented here 
without elaboration. The new considerations introduced by the requirement 
of total energy conservation in a three-dimensional domain will be explained 
more fully. 

1. The Continuity Equation 

For the continuity equation (256) multiplied by ΑξΑη, the following form 
is chosen 

d ~ % J ~ + { δ ξ Ρ ) ' · j + { δ η 0 ) ' · j + i { δ ° Ε ) > ' j = ° ' ( 2 6 6 ) 

where 

Y\ = π(Αξ Αη/mn), F = π^Αη/η), 
G = πν(Αξ/νη)9 S = JJa. (267) 

The vertical index k now appears as a superscript on all variables except π 
and Y\. Although π and Y[ do have different definitions for k < kx and 
k > kl9 the superscript is dropped for simplicity. 



240 A K I O A R A K A W A A N D V I V I A N R . L A M B 

FIG. 24. A π-centered portion of the spherical grid showing points of definition of the fluxes 
introduced in Eq. (266). 

For the mass fluxes F and G, shown in Fig. 24, the following forms are used: 

F h 1 / 2 , j = ( u ^ ) k π ί + 1 , 2 φ (268) 

V n Ji+1/2, j 

where 

[η(Αη/η)Υ+1/2> j = uk

+ 1 / 2 e ^Αη/η^ (269) 

and 

G* j + 1 / 2 = ίν(Αξ/ηι)-]1 J + 1/2nl j + 1 / 2 , (270) 

where 

Ιν(Αξ/Μ)]1 J + 1 / 2 = vi J + 1Ι2(Αξ/τη)ί+1Ι2. (271) 

The superior bar operator, which is a linear smoothing operator in ξ, should 
be ignored for the present. The form and role of this operator will be described 
in the next subsection. 

2. The Momentum Advection Terms 

The form chosen for the terms 

d ( Αξ Αη \ A d f Αη \ 
— π u 1 + Αζ — I nu u J 
dt \ mn J οξ\ η J 

δ / Αζ \ d ( . Αξ Αη \ 
+ Αη —- [πν — u I + — Ι πσ u 

dη\ m J dt \ mn J 
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from Eq. (262) multiplied by Αξ Αη is 

Tt 

Aak 

(272) 

If the variables f ] 0 0 and S ( u ) at u points and 3F(U\ <$(U\ # ( u ) and § ( t t ) shown in 
Fig. 25 satisfy the constraint 

dt m + δ»ΡΜ + δβ™ + δ ξ , β Μ + δ β ( ι ί ) + - 1 - δβ* 
Aak 

"Τ = 0, 
Ji, j 

(273) 

then conservation of kinetic energy under a pure advective process is 
maintained. 

u 

i.J-l 
FIG. 25. A w-centered portion of the spherical grid showing points of definition of the flux 

terms introduced in Eq. (272). 

With F * and G* defined by 

Ftj = ( F \ J 9 Gfj = (274) 

the following choice for the fluxes in Eq. (272) is guided by Eq. (95): 

^ i + l / 2 , y — 3 \ r ) i + 1/2, j 

1/2 — 3 ^ 1/2 

^ i + l / 2 , j + l / 2 ~ 6 \ u + Γ Λ+ l / 2 , j+ l / 2 

^ 1 , 2 , ; + 1 , 2 = - F * " ) i - l / 2 , j + l / 2 - (275) 
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Then Eq. (273) is consistent with the continuity equation (266) if 

m = (Πη„· 
and 

(276) 

(277) 

For the y-momentum equation (263) multiplied by Αξ Αη, a form identical 
to (272) is used, but with u replaced by v. The definitions corresponding 
to (275M277) are then 

<Ti+l/2,j — 3 \ Γ )i+l/2,j> 

^\ν,)+1/2 = F (G*^)f+ i / 2 , j + l / 2 > 

«^1+1/2 , j + 1 / 2 = I (G*^ + P * S ) i + l / 2 , j + l / 2 ? 

- 1 / 2 , 1 /2 = — Ρ * ^ · - l / 2 , j + 1 / 2 ? 

and 

3. 77*e Coriolis Terms 

Π « = ( Γ Ρ ) Ι . * 

(278) 

(279) 

(280) 

From Eq. (262) the contribution from the coriolis force plus the metric 
term to <9(P}w)/<9f is 

~r Δξ Αη δ Γ 
/ u Αξ Αη --

mn δη m πν (281) 

and the corresponding contribution to 5(Qi;)/<9i is 

\ΑξΑη δ 1 
/ u Αξ Αη --

mn δη m 
7CW. (282) 

A variable Ck

i} is defined at π points by 
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Then, the following form is used for (281) at a u point (i, j): 

and for (282) at a ν point (i + 1/2, j + 1/2), 

(πϋηξ ) k

+ 1 / 2 , j + 1 / 2 · 

(284) 

(285) 

This choice of differencing does not lead to any false generation of total 
kinetic energy. 

4. The Pressure Gradient Force 

As in Eq. (262), the pressure gradient force in the ξ direction can be written 
as 

δΦ δπ 

The form chosen for the first term is 

(286) 

1 Αη -π δΦ 

n δξ Ji + 1 / 2 , j άξΑη rij 
(m < v n + 1 / 2 , ; . 

Continue, for the time being, to ignore the bar operator. 
Corresponding to the relation 

π δΦ _ 1 
n δξ n 

3 / ^ ^ <3π 
— (πΦ) — Φ — 
δξκ } δξ 

Eq. (287) can be rewritten in the form 

1 Αη πδΦΥ 
n d i ) i + l / 2 , j Αξ Αη nj \_δξ(πΦ) - Φξδξπ]Ϊ+ι/2, 

(287) 

(288) 

To be consistent with Eq. (288), the following form is chosen for the second 
term in Eq. (286), 

— Ι - σα - 1 Αη 
^ ~~ δξ)ί + ι Ι 2 ^ Αξ Αη nj [(πσα)ξ δξπ]ΐ+ι 12, j (289) 
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where, through the application of Eq. (194) at each grid point, 

1 dPk „ 
(nacc)ijk = ntjcv Pk dn 

(290) 

where Pk

u j is defined by Eq. (251). 
Adding (289) to (288) gives a form that corresponds to 

~<3(πΦ) d ^ dn 
-οξ--3-σ

{Φσ)8ξ 

from which it can readily be shown that the properties of the vertically 
integrated pressure gradient force discussed in Section V, A are maintained. 

In summary, the pressure gradient force which contributes to (d/dt) χ 
(n(tt)")"+i/2,iis 

— [π* δξΦ' + (πσ^ 5 < π ] ? + 1 / 2 > , . (291) 

Similarly, the pressure gradient force which contributes to d/dt (Y[{v)v)lJ+i/2 

i s 

m 
[ π ^ Φ * + (πσα)*5,π]Ϊ , , + 1 / 2 , (292) 

where (naocftj is given by Eq. (290). 

5. Kinetic Energy Generation and the Thermodynamic Energy Equation 

The contribution of the pressure gradient force to the kinetic energy 
generation, d/dt (Yliu)^u2)k

i + 1 / 2 i P is obtained by multiplying Eq. (291) by 
u k

+ 1 / 2 > j . Then the kinetic energy generation is 

Υ [π* δξΦ + {^fôp$+llltj. (293) 

F rom the form of the superior bar operator, it can be shown that Eq. (293) 
is equivalent to 

ΑηΥ 

i + 1 / 2 . j 
(294) 
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in the sense that the difference R, •i+l/2 defined by 

i+l/2 = (293) - (294) 

vanishes when the summation over all i is taken; i.e., 

• i + l / 2 = 0. 

Using the definition of F given by Eq. (268), Eq. (294) becomes 

-[F(^a> + ΐ4{Αη/η)(πσ(χ)ξ ôçn]k

+1J2>j. (295) 

It can then be shown that 

Σ ( 2 9 5 ) - Σ [ < » ^ - ( « ^ ) (πσα) ξ δξπ (296) 

Similarly, the contribution of the gradients of Φ and π to d/dt ([\iv)jv2)l j 
is given by 

N o w YJ (296) + Σ (297) give the discrete form of the total kinetic genera­
tion by the pressure gradient force, — πν · [νσΦ 4- σα ν π ] . It is useful to 
note that £ 4 [first term of (296)] + ^ [first term of (297)], which gives the 
contribution of Φ 0

λ to the kinetic energy generation, can be written using 
the equation of continuity (266) as 

The derivation given in Eq. (185) leading to a finite-difference expression 
for ωα can be followed exactly, but now with the horizontal differencing 
specified as well. Using such an expression in a manner completely analo­
gous to the procedure in Section V, B, 8, allows us to write the thermo­
dynamic energy equation given in Eq. (209), with the horizontal differencing 

(297) 

(298) 
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incorporated, as 

where (πσα)^· is defined by Eq. (290). 

C. M O D I F I C A T I O N O F T H E H O R I Z O N T A L D I F F E R E N C I N G N E A R T H E P O L E S 

1. Modification of the Difference Equations 

The poles are singular points of the spherical coordinates and the velocity 
components cannot be defined there; the poles are thus taken as π-points. 
The value of π at the poles must change as a result of the meridional mass 
flux G, defined by Eq. (270), at all the points on the nearest latitude circle 
where the meridional velocity component ν is carried. 

Consider the case of the Nor th Pole, identified by j = ρ in Fig. 26. To 
simplify the computation, the pole is treated as if it were a group of points. 
Each point has index i and represents the shaded area shown. Defining 
Y[i p and Sit p based on that area, the equation of continuity (266) is applied 
to j = p, omitting all horizontal mass flux terms except G * p _ 1 / 2 . After 
computing 3{~[/di and S for all z, the average is taken. 

At the grid point (i, ρ — 1/2, fc), the form chosen for the first line of (263) 
multiplied by Αξ Αη is 

!<ΙΓΉ h, ρ-1/2 Ρ-1/2 

( W t l / 2 . /2,ρ-1 ( # ( t V ' ) i -Η+ 1/2, ρ - 1 + ôa(Sv°)tP..m. (300) 

7Γ Ρ 

•χ 

FIG. 26. A polar segment of the spherical grid showing mass fluxes. 
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^ ? - l / 2 , p - l = 6 ( 4 F f _ 1 / 2 > | , - i + FT-i/2, p-2)' (305) 

Invoking the consistency requirement that the global sum of Y[(V) be equal 
to the global sum of gives 

nft-I/2 = HR-1.P + Π1-1 .Ρ-1 + 2(ΠΙ. Ρ + Π . Ρ - Ι ) + Π* + 1.Ρ 

+ ΠΊ+Ι.Ρ-Ι} + Έ X IFLL-I.P + 2 Π ^ , Ρ + ÏÏ + Ι . Ρ ) · ( 3 0 1 ) 

The definition of is readily obtained by replacing J~[ everywhere in 
Eq. (301) by S. The requirement for kinetic energy conservation during 
advective processes alone given in Section III, C can be shown equivalent 
to the requirement that the new variable J * * be chosen such that (300) 
vanish when ν is replaced by a constant value, which can be taken as unity. 
The resulting equation can be shown consistent with the continuity equation 
(266)andd/dtnie, = 3 . , - 1 / 2 if 

^Τ-1/2,ρ-1/2 = Τ ^ ? - 1 / 2 , ρ - 1 > (302) 

where F* is defined by Eq. (274). 
In a similar manner, at the grid point (ί, ρ — 1, fc), the form chosen for 

the first line of Eq. (262) multiplied by Αξ Αη is 

^ ( Π ^ Ρ - 1 + ^ ( ^ " ^ . p - l ~ ( Λ ! Ρ - 3 / 2 

- ( # ( M ^ ' ) ? - 1 / 2 , p - 3 / 2 ~ ( ^ ( Μ ) ^ ' ) ? + 1 / 2 , Ρ - 3 / 2 + Τ ^ ( & Τ ? . , - 1 . (303) 

Again, it is required that the global sum of [~[(u) be equal to the global sum 
of Y[, which gives 

ΠΊ"Ρ-1 == έ{ΠΊ-1/2,Ρ + ΠΙ+1/2,Ρ + 2(ΠΊ-1/2,Ρ-1 + ΠΊ+1/2,Ρ-ΐ) 

+ ΠΊ-1/2 ,Ρ-2 + ΠΊ+1/2 ,Ρ-2} + έ{3(Πΐ-1/2,Ρ + ΠΊ+1/2,Ρ) 

+ ΠΊ-1/2 ,Ρ-1 + Π + 1 / 2 , Ρ - ΐ } · 
(304) 

The definition of S(u) is obtained by replacing Y[ everywhere in Eq. (304) 
by S. For kinetic energy conservation during advective processes alone, it 
is necessary that (303) vanish when u is replaced by unity. The resulting 
equation is consistent with Eq. (266) and (d/dt) f | { ( P = G | > p _ 1 / 2 if 
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2. Longitudinal Averaging of Selected Terms Near the Poles 

To avoid the use of the extremely short time interval necessary for com­
putational stability due to the convergence of the meridians toward the 
poles, a longitudinal averaging is done of selected terms in the prognostic 
equations. 

For the purpose of illustration, consider the simple system of linearized 
equations that governs a gravity wave on the spherical earth: 

du 1 do 
dt a cos φ δλ 

dv 1 do 
et α δφ 

οφ gH f du d(v cos φ)\ 
dt a cos φ \δλ dφ J = 0, 

(306) 

(307) 

(308) 

where Η is the equivalent depth. Other symbols are as defined in Section V, 
C. Because our concern here is only with waves that have frequencies 
sufficiently higher than the earth's rotation rate, the coriolis force has been 
omitted for simplicity. 

With the grid shown in Fig. 26 and a space finite differencing consistent 
with that of the model, the discrete analogs of Eqs. (306)-(308) can be 
written as follows : 

+ —(0λΦ)ί+1/2,] = 0 dt 

dvu 

a cos φ Αλ 

d<t>UJ , a H 

+ dt a cos φ 
= 0. 

(309) 

(310) 

(311) 

Let us consider a solution of the form 

" i + i / 2 , j = R e {ûj exp [ï(s(i + 1/2) Αλ + σί)]} (312) 

Vi, j+i/2 = R e {Vj+i/2 e x P U(si Α λ + σ ί ) ] } (313) 

φ.. = Re exp [J{si Αλ + at)]} (314) 
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ισφ^ + 

. ^ is / s in (s Αλ/2)\ £ 

J a cos <pj \ s Δλ/2 J 

MVj+i/2 + (Va Αφ)(φ]+ι - $j) = 0, 

a cos φ j 

1 

_ / s i n ( 5 M / 2 ) \ _ 

+ ^ { ( Û C O S <p)j+1/2 - (5 C O S ( j 9 ) j - i / 2 ) = o, 

(315) 

(316) 

(317) 

where Sj(s) = 1 for present purposes. Eliminating û and ν from Eqs. (315)-
(317) gives 

C 2 
s sin (s Αλ/2) 

a cos φ j (s Αλ/2) 
Sj(s) 

c 2 

(α Αφ)ζ (<t>j - Φj-i) 
cos Vj-1/2 

cos φ7· 

/ r -r , cos ( ? j + 1 / 2 (318) 

which is the discrete analog of the meridional structure equation for φ. 
Here C2 = gH. 

For a given s, with the boundary condition φ = 0 at the poles, possible 
values of σ2 are obtained as eigenvalues from the matrix equation represented 
by Eq. (318) applied to all j interior to the poles. When s is large, the matrix 
is very close to diagonal for / s near the poles and, therefore, the maximum 
eigenvalue can be only slightly larger than the maximum diagonal com­
ponent, which is approximately the maximum value of the coefficient of the 
first term of Eq. (318). If Sj(s) = 1, this argument gives 

ι ι 2|C| 1 . s Αλ 
ρ max Φ - τ τ : τ— sin (319) 

α Αλ (cos (pj)min 2 

For most conditionally stable time difference schemes, the stability crite­
rion is given by 

|σ| Δί < ε, (320) 

where 7 ξ y f ^ i . Substituting Eqs. (312), (313), and (314) into Eqs. (309), 
(310), and (311), we obtain 



250 AKIO ARAKAWA A N D VIVIAN R. LAMB 

where ε is a constant (ε = 1 for the leapfrog scheme). F rom Eq. (319), this 
stability criterion is approximately equivalent to 

|C| Δί . s Αλ ε . χ 

i~Vr S m < ô ( C O S ^ ) m i n . (321) 

a Αλ 2 2 
To make the scheme stable for all resolvable waves, it is necessary to require 

< X ( C O S Ç ) , ) m i n . (322) 
α Αλ 2 

Thus, since (cos q>j)min « 1, an extremely small Δί must be used to ensure 
stability. 

The method devised to allow the use of a longer Δί in the model is to 
smooth the longitudinal pressure gradient in the momentum equation and 
the longitudinal divergence in the continuity equation with a longitudinal 
averaging operator. If the amplitude of the longitudinal pressure gradient 
and divergence are modified by the factor 

5 / 5 ) = (a AA/d*)[cos φ,/sin (5 Αλβ)\ (323) 

where d* is a specified constant length, then Eq. (318) becomes 

AC2 + C 2 

d*2 Φ ] + (α Αφ)2 

- (<t>j+i - $j) 

Wj - φ]-1) J—L-
J J COS<Pj 

C O S (pj+1/2" cos q>j 
= σ2φφ (324) 

for all j . Thus the first term now contributes to the eigenvalue σ2 a constant 
amount 4C2/d*2. The dependence of |σ | η ΐ 3 Χ on (cos φ 7 ) η ι ί η is eliminated, and a 
Δί satisfying the stability criterion depends now on the constant length d*. 
In the model, d* is taken as the latitudinal grid size, α Αφ. 

In practice, it is sufficient to perform the smoothing only at higher latitudes. 
Then 

Sj(s) = (Αλ/Αφ^οϊ (pysin (s ΔΑ/2)] (325) 

when the right-hand side is less than 1 ; Sj(s) = 1 otherwise. 
To apply the operator, the zonal pressure gradient and the zonal mass 

flux are expanded into Fourier series and the amplitude of each wave com­
ponent reduced by the factor Sj(s). This is the bar operation shown in 
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Section VI, B. The form of the smoothing of the mass flux given by Eq. (268) 
is chosen to maintain the energy conservation. 

It is important to note that this smoothing operation does not smooth or 
truncate the Fourier expansions of the fields of the variables. It is simply a 
generator of multiple point difference quotients in the space difference 
scheme. For the example given above, the solution of Eqs. (315), (316), and 
(317) is still a neutral oscillation. 

VII. Vertical and Horizontal Differencing of the Water Vapor and Ozone 
Continuity Equations 

A. V E R T I C A L D I F F E R E N C I N G 

1. In q-Conserving Scheme 

Let q be the mixing ratio of water vapor or ozone. The corresponding 
continuity equation is given by Eq. (145). The vertical differencing given by 

ô 1 
-Ql^k) + V · (nk\kqk) + — [{na)k + 1qk+1 - ( π σ ^ . ^ - ι ] = nkSk (326) 

guarantees the conservation of total water vapor or total ozone, when there 
are no sources and sinks, for any choice of q. 

The ozone mixing ratio varies in the vertical over a wide range of magni­
tudes and, as with potential temperature, shows a highly skewed "mass 
density function." Applying the considerations of Section V , B, 3 to the ozone 
mixing ratio, a q can be chosen that leads to conservation of a discrete analog 
of the global integral of In q with respect to mass. F rom Eq. (189), such a 
q must be of the form 

In qk - In qk+2 

q.k+i = 77-, χ 7VT~Y (32?) 
(V<?fc + 2 ) - ( I / A * ) 

Further discussion of this scheme has been presented by Schlesinger (1976). 
The same form for q k + l could also be used for the water vapor mixing 

ratio. Release of heat of condensation, however, makes the choice of q for 
water vapor more difficult, as discussed below. 

2. Moist Adiabatic Process—Continuous Case 

Consider, first, a moist adiabatic process in the continuous atmosphere. 
Let the air be saturated and remain saturated, and let there be no heating 
other than the heat of condensation. 
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Let q be the mixing ratio and g*(T, p) be the saturation mixing ratio of 
water vapor. Then the water vapor continuity equation, when condensation 
is occurring, is 

dq/dt = dq*/dt = — C, (328) 

where C is the sink of water vapor per unit mass of dry air. This can also be 
written as 

3q*\ dT (dq*\ 

The thermodynamic energy equation is 

(d/dt)cpT = ωα + LC, 

(329) 

(330) 

where L is the heat of condensation per unit mass. Then Eqs. (329) and 
(330) give 

C = ω 
1 + [ ( L / c p ) ( ^ V ^ ) p ] 

Substituting Eq. (331) into Eq. (330) gives 

dT/dt = œ(dT/dp)m, 

+ 
α fdq* dq* 

dp JT cn \ dT 

or 

Ud/dt) + ν · V ] P T = co[(dT/dp)m - (ÔT/dp)l 

where 

dT\ 

Op)m ~ 

Lfdq 
dp Jj cAdT 

(331) 

(332) 

(333) 

(334) 

Here d/dp without a subscript is the derivative under constant horizontal 
coordinates and constant time. 

The corresponding equation with the σ coordinate can be readily obtained 
by using the following relations : 



THE UCLA GENERAL CIRCULATION MODEL 253 

and 

ω = σ \ — + ν · V ) π + πσ. 

With these, Eq. (333) becomes 

έ + '·ν).Γ-(£).'(Ι + '·ν|* + "* 7dT\ _ dT 
\dp)m 8P_ 

where 

d_ _ \d_ 

dp π da 

Now making use of the relation 

dq* ( dq* 
+ 

'dq*\ dT 
dp \dPJT \dTjpdp' 

the last term in Eq. (335) can be written as 

dT 
Jp 

1 dT _ 

' Jp " 1 + [(L/cp)(dq*/dT)p-] 

1 

" 1 + [(L/cp)(dq*/dT)p] 

With this expression, Eq. (335) becomes 

c p dp c p dp 

ρ\κδθ L dq* 

J>o) 8P cp dp 

πσ 
ρΥδθ L dq* 

Po) SP CP dP 1 + 

(335) 

(336) 

(337) 

(338) 

From the form of the hydrostatic equation given by Eq. (122) the following 
equation can be derived 

Po 

δθ 
dp) δρ 

(339) 
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If the moist static energy h and the saturation moist static energy /z* are 
defined by 

h = cpT + Φ + Lq, h* = cpT + Φ + Lq*, (340) 

Eq. (339) can be written as 

ρ Y 30 Ldq* 1 dft* 
PoJ dp c p dp cp dp 

Using this expression, Eq. (338) can be put in the final form 

d \ ^ (dT\ (d \ dh*jdp - + v V Τ = — σ_+ν·ν π ' πσ, (342) 
dt Λ \8PU \ ô t A cp + L(dq*/dT)p

 K 

where dh*/dp = 0 when the lapse rate is moist adiabatic. 

3. Moist Adiabatic Process—Discrete Case 

The derivation of the vertically differenced form of the water vapor con­
tinuity equation is completely analogous to that for the continuous case 
presented in the previous subsection. 

Let q% = q*(Tk, pk). When level k is saturated and remains saturated, 
Eq. (326) may be rewritten as 

d \ 1 

ô~t + y k ' V j qt + l(na)k+1(qk + 1 -qf) + (na)k. x(qi - qk-x)] = - Q , 
(343) 

and then as 

+ Γ 7 Τ Ν Η Α + Ι - rf) + ( π σ ) 4 - ι ( ί Ϊ - = - Q , (344) (π Δσ)Λ 

where 

dTJpk \dTkJpk \δρ ) T k \dpkJTk. 



THE UCLA GENERAL CIRCULATION MODEL 255 

δ \ 1 

- + vfc · V j Tk + j - ^ - [(na)k+1(Pk9k+1 ~ Tk) + {nà)k.,{Tk - ΡΆ-1)] 1 (à Λ L (345) 

where ock = c ek(dPJdnk)/ak and ak = (pk - Pi)/nk. Eqs. (344) and (345) give 

Ck = 
1 

1 + [(L/cp)(dq*/dT)pk l{\dp)Tk 

3q*\ Pk 

+ (π Aa)k 

{(nà)k+l(ek+1 - 6k) + ( πσ ) Λ _! (^ - θ^^} 

{(nà)k+i{qk + ! - qî) + (πσ)*_^jf - qk-j)}]. (346) 

δΤ Jpk (π Δσ)* 

1 

Substituting Eq. (346) into Eq. (345) gives 

j t + vk · v] Tk = U k ( ^ + yk-y)nk dpjmk

 κ\δί 

1 1 
(πσ)*+ι ( Pkêk+i 

1 + {{Llcp){dq*IÔT)pk\ {πΑσ\1 

+ - q k + l - PA - - q A + (πσ) ,_! (Pk0k + - q t 

Pk^k- 1 Qk- 1 
6' 

(347) 

where 

' 3 Γ \ "α* _ / d q * \ 
dp U ι + (348) 

Equation (347) is an analog of Eq. (338). 

The thermodynamic energy equation is, from Eq. (209), 
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The coefficient of (na)k+1 in Eq. (347) is 

Pk0k+i - Ôk) + y(qk+1 - qf) = — [(cpfk+1 + ê k + l + Lqk+l) 

- (cpTk + <S>k + Lqi)] 

= - $ k + i - h î \ 

where Eq. (199) has been used. Similarly, the coefficient of {πσ)^^ in Eq. 
(347) is 

(l/c p)(A? -

Thus Eq. (347) can be written as 

a7 + ,' V) r' = (f).,"(s + " V)" 
, Til / ! \ i(^à)k+1(hh+1 - h{) 

c p + L(dq*/dT)Pk (πΑσ\ 
+ {πσ\_Μ -h-i)l (349) 

Equation (349) is an analog of Eq. (342), but the choice of q (or equivalently, 
h) at the even levels remains to be specified. 

4. Choice of q for Water Vapor 

From Eq. (349) it is clear that a negative (πσ) has a warming effect for 
h+i > h*- This may occur even when h^+2 < h%, that is, when no condi­
tional instability exists between the odd levels k + 2 and k, which carry the 
temperatures. (The same effect can similarly occur for a negative (na)k-l 

when hi > h k - u even when h% < /i*_ 2.) Any moist convective instability 
produced by such a warming effect is the result merely of a poor choice of 
qk+1 and should be regarded as a kind of computational instability, which 
may be termed "conditional instability of a computational kind" (CICK). 

The CICK phenomenon can be avoided if the choice of qk + 1 and thus 
hk+1 satisfies the following requirements when h^+2 < hf: 

hk+1 < ht when rk = 1 

and (350) 

h*+2 < K+i when rk + 2 = 1, 
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rk = qjql (351) 

One definition of h k + l that satisfies the above requirements is 

nk+i — ?k+i(h*+i ~~ h + i) ~f~ 4+ι> (352) 

where 

4 + i = cpfk+1 + (353) 

r f c + 1 - r f c t r k + 2 " 2 V k + 2 ; (354) 
ζ — rk — rfc + 2 

and ft*+ ! is an interpolation of ft* from the levels k and fc + 2 to the level 
fc+1 which guarantees ft*+2 < h k + i < ft* if ft*+2 < ft*. Equat ion (354) 
gives rk + 1 = 1 (and, therefore, hk + j = ft*+ J when either rfc = l o r r f c + 2 = 1; 
then /if + 2 < ftk + χ < ft* is guaranteed regardless of the form of ft*. 

The form of the interpolation used to obtain ft* is important, however, 
in relation to that chosen for sk + 1 . Since 

ft* = Lqt + sk9 

an interpolation for ft*+1 independent of that for s k + l could in theory allow 
the implicit generation of a negative q k + i . To avoid this, the interpolation 
for ft*+1 is chosen proport ional to that for sk + 1: 

nk+i ~ ft* — A(sk+l — 5 k ) , 
ft*+2 - ft*+i - A(sk + 2 - sk + 1 ) , (355) 

and 

Sir+7 — Si 
(356) 

Recall that Eqs. (198) and (199) give 

sk + i — sfc — Pkcp(0k+1 — 6k\ 
Sk + 2 — sk+l = Pk + 2Cp(0k + 2 — 0/c+lX 

where rk is the relative humidity of the level fc, given by 



258 A K I O A R A K A W A A N D V I V I A N R . L A M B 

and thus 

Sk + 2 ~ Sk = PkCp0k+1 - 0k) + Pk + 2Cp(ek + 2 ~ Ôk+1)9 

where 

n = In ek - In 6k + 2 

~ (i/ek+2) - (i/eky 

Equation (352) gives 

qk+1 = (l/L)fk+1{fit+1 - sk+1). (357) 

There is no reason to choose this q9 however, if the air is not near saturation. 
Presumably, the application of Eq. (327) to water vapor mixing ratio is a 
better choice for the relatively dry case. The final form chosen for use in 
the model is a weighted mean of Eqs. (357) and (327), given by 

'k+ ι £ (h*+i — S f c + i ) 

+ (i - h+i) 
lnqk - In qk + 2 

.(l/ft + i ) " (Vft) 
(358) 

The CICK is still prevented because Eq. (358) becomes identical to Eq. (357) 
when r k + l = 1. 

The use of Eq. (358) for qk+1, however, does not guarantee that q at odd 
levels remains positive or zero. For example, if qk = 0, qk + i > 0 and 
(na)k+l > 0, then the downward current removes a positive amount from 
zero. To avoid generation of a negative mixing ratio, q k + l is replaced by 
zero when (na)k+1 > 0 and qk ^ 0 [or when (na)k+i < 0 and qk + 2 ^ 0] . 

B . H O R I Z O N T A L T R A N S P O R T O F W A T E R V A P O R A N D O Z O N E 

The finite-difference scheme for the divergence of the horizontal trans­
port of water vapor and ozone is similar to the corresponding scheme for 
temperature, given at the point (i, j) by the second term of Eq. (299), except 
that and ψ are replaced by the harmonic mean when the corresponding 
mass flux, F or G, is outwardly directed from the grid point (i,j) under 
consideration. This guarantees zero transport out of the grid points where 
the mixing ratio is zero. 
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C. L A R G E - S C A L E C O N D E N S A T I O N A N D P R E C I P I T A T I O N 

In the model there is water vapor condensation and release of latent 
heat not only by the parameterized cumulus convection, which does not 
require that the air be saturated on the scale of the grid, but also when the 
air becomes super-saturated on the scale of the grid; the latter phenomenon 
is called "large-scale condensation." The excess water removed from an 
atmospheric layer in this way precipitates into the layer immediately below. 
The falling precipitation either evaporates completely in that layer or 
brings the layer to saturation and then passes to the next layer below, 
where the process is repeated. When the lowermost layer is saturated, the 
condensed water precipitates onto the ground as rain or snow. 

Large-scale condensation occurs when qt

k is greater than qfk, where q{

k 

is the provisional value of the water vapor mixing ratio predicted by the 
advective process only, and qfk is the saturation mixing ratio at the tem­
perature Tu

k and the pressure pu

k. 
Let C At denote the amount of condensation at level k per unit mass 

of dry air when qt

k > qfk. Then 

(qijk)f = qijk-CAt, (359) 

(Ty*)' = Τ , / + - C A i , (360) 

(qijk)' = « * [ ( T ( / ) ' , P | / ] , (361) 

where the primes denote values modified by condensation. Equat ion (361) 
describes the saturation condition for the modified moisture and tempera­
ture. F rom these three equations an equation for the modified temperature 
can be obtained 

9tjk ~ \ l(Tijk)' ~ Ttj

k] = 9 * [ ( T f / y , P i j

k l (362) 

With qt

k

9 Tij\ Pik and the functional form of g*(T, p) given, the transcen­
dental equation (362) can be solved iteratively for (T , / ) ' . After ( T f / ) ' is 
obtained, C At and may be computed from Eqs. (360) and (359). 

Choosing 

T 0 = and q0 = qu

k, (363) 



260 AKIO ARAKAWA AND VIVIAN R. LAMB 

(Tv + 1 , qv + l) are determined recursively by 

Tv+1 = Τγ + (L/cp)Cv + 1At 

4 v + i = <2v ~ C v + 1 Δί, 
(364) 

where ν = 0, 1, 2 , . . . , and 

g v _ q*(Tv) 
C v + 1 Δί ΞΞ V • / a T n ' ( 3 6 5 ) 

1 + (L/cp)(dq*/dT)T = Tv 

In summary, 

Γ v m a x 

( T y * ) ' = TtJ

k + - Σ CvAt, (366) 
C p v = l 

v m a x 

(«,/)' = - Σ ^νΔί, (367) 
v = 1 

where v m a x is the maximum number of iterations in the layer. A value of 
vmax = 3 seems to give sufficient accuracy for present purposes. 

The effect of evaporation of the falling precipitation on the layer im­
mediately below is incorporated in the following expressions: 

Τ V m a x 

( 7 t / 2 ) ' = ΤΙ;2 - - Σ C v Atnk Aak/(nk+2 Aak + 2), (368) 
(«y + 2 ) ' = « y + 2 + Σ C v Δ ίπ , Δσ, / (π, + 2Aak + 2). (369) 

v = 1 If the layer becomes supersaturated due to the evaporation, the entire 
process is repeated for that layer. 

VIII. Time Differencing 

To explain the procedure, the equations can be written symbolically in 
the following form : 

I-π = / ( π , Α ) , (370) 
dt 

! - ( π Α ) = 0(π,Α). (371) 
et 
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Equation (370) represents the continuity equation and Eq. (371) represents 
the prognostic equations for the other variables described in the previous 
sections. 

The leapfrog scheme (L) is given by 

= / ( ^ , A"), 

= 0(π", A"), 

2Δί 

π η + 1 Α " + 1 - π " - ^ " " 1 

2Δί 

where the superscript denotes a time level. The Matsuno scheme (M), 
which is sometimes called the Euler-backward scheme, is given by 

= fin", A") 

= 0(π", A"), 

Δί 
π ( Λ + 1 ) . Α ( „ + 1 ) · _ π ( η ) · Α ( η ) · 

Δί 

π " + 1 " ^ = / ( π ( " + 1 ) ' , Α<" + 1 )*) 

= g(nin+1)\ Α ( " + 1 ) * ) . 

Δί 

π Π + 1 Α Μ + 1 - πηΑη 

Δί 

The time differencing used in the model for the basic dynamical terms is 
essentially the leapfrog scheme, but with a periodic insertion of the Matsuno 
scheme, as shown in Fig. 27. 

ft M L. ML L ft M L LftML. L 
FIG. 27. Schematic representation of the time differencing of the model showing sequence 

of use of leapfrog (L) and Matsuno (M) schemes. Arrows indicate calculation of the heating 
and friction terms. 

At present, the source and sink terms described in the Introduction and 
the vertical flux convergence term of the moisture equation are calculated 
every five time steps, as shown by the arrows in the figure. Those calculations 
are followed by a single step of the Matsuno scheme. 
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IX. Summary and Conclusions 

In this chapter, only the computational design of the basic dynamical 
processes of the current UCLA general circulation model has been described. 
To determine the heating and friction, the model includes many important 
physical processes, such as those associated with radiation, photochemistry, 
the boundary layer, the thermodynamics and hydrology of the ground, as 
well as processes associated with grid- and subgrid-scale clouds. These 
physical processes could not be adequately described in a single chapter 
and, therefore, with the exception of the advective processes for water vapor 
and ozone and the large-scale condensation processes, were not included 
here. 

Section I gives a brief outline of the model, whose 12 layers represent 
both troposphere and stratosphere. The prognostic variables of the model 
are the surface pressure, horizontal velocity, temperature, water vapor and 
ozone of each layer; the planetary boundary layer (PBL) depth and magni­
tudes of the temperature, moisture and momentum discontinuities at the 
PBL top ; the ground temperature and water storage; and the mass of snow 
on the ground. It should be noted that the degree of freedom added by 
the PBL makes the model effectively equivalent to a 13-layer model. 

Section II describes the principles of mathematical modeling that were 
followed in the computational design of the basic dynamical processes of 
the model. The basic principle employed in selecting a space finite-difference 
scheme from the many that share the same order of accuracy was a require­
ment that the scheme maintain discrete analogs of a number of physically 
important integral constraints of the continuous atmosphere. Energy propa­
gation properties in physical space, as well as in spectral space, were also 
considered in the selection of a scheme. 

Section III describes space finite-difference schemes for homogeneous in­
compressible flow, with and without a free surface. Section III, A shows 
that the dispersion properties of inertia-gravity waves are highly scheme-
dependent and that from the point of view of geostrophic adjustment there 
is only one satisfactory distribution (staggering) of the dependent variables 
into grid points. 

Section III, Β discusses finite-difference schemes for nonlinear two-
dimensional nondivergent flow and replaces Par t II of the paper by Arakawa 
(1966), which was originally planned as a separate publication. A drastic 
difference in the energy cascade exists between solutions obtained by 
schemes that conserve enstrophy and by those that do not. Due to the 
relatively small amount of energy in the high wave number range with 
enstrophy-conserving schemes, the overall error is expected to be small. 
This subsection also derives, for the cartesian grid, the momentum advection 
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scheme consistent with the energy and enstrophy conserving vorticity 
advection scheme for two-dimensional nondivergent flow. The total mo­
mentum is also conserved with this scheme. 

Section III, C generalizes the momentum advection scheme for non-
divergent flow to a scheme that maintains conservation of total energy and 
momentum for divergent flow. It should be pointed out, however, that this 
generalization is not unique and is not necessarily the best choice from the 
standpoint of potential vorticity advection when the lower boundary has 
relatively steep topography. In general circulation models, horizontal dis­
cretization errors should be small for planetary-scale waves after they are 
generated because their horizontal scales are sufficiently large compared 
to the usual horizontal grid size. However, horizontal discretization errors 
can be very serious for the generation of planetary-scale waves by longitu­
dinally narrow (but meridionally wide) mountain ridges. A search for a 
generalization to divergent flow that is better from this point of view is 
now in progress. 

Section IV describes the vertical coordinate of the model. It is a version 
of the σ coordinate below 100 m b and the pressure coordinate above 100 mb. 
The basic governing equations in terms of that vertical coordinate are 
presented. 

Section V describes the vertical difference scheme. Various integral prop­
erties are presented in Section V, A; Section V, Β then discusses the logical 
procedure for deriving a scheme that maintains discrete analogs of these 
properties. Section V, C presents the final determination of the vertical 
difference scheme based on considerations of accuracy in both the vertical 
propagation of wave energy and the hydrostatic equation. 

Section VI presents the horizontal difference scheme of the model. The 
scheme for three-dimensional motion on a sphere is a generalization, al­
though not unique, of the scheme developed in Section III, C. With the 
current scheme, however, enstrophy is not conserved for two-dimensional 
incompressible flow on a sphere, and solutions from the model show some 
computat ional quasi-stationary noise near the poles that would seem to 
correspond to a false production of enstrophy. The new generalization now 
being sought should be better from this point of view also. Section VI, C, 2 
describes the method devised to avoid the use of the extremely short time 
interval required for computat ional stability due to the convergence of 
meridians toward the poles. The method employs an operator to smooth, 
in a longitudinal sense, selected terms of the prognostic equations that 
involve longitudinal differences. The result is equivalent to the use of multi­
point finite-difference quotients and the space finite-difference scheme re­
mains energy conserving. 

Section VII gives the space finite-difference schemes for the advection of 
water vapor and ozone. Special advection schemes are necessary both in 
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that the mixing ratios of these atmospheric constituents vary in space over 
a wide range of orders of magnitude, and also in that the release of latent 
heat through condensation of water vapor can cause a false moist con­
vective instability. Our method for the calculation of the large-scale con­
densation is also described in this section. 

In Section VIII is described the time differencing of the model. The 
heating and friction terms are calculated every fifth time step. For the 
basic dynamical processes, at the steps which immediately follow the cal­
culations of heating and friction, the Matsuno scheme is inserted; for all 
other time steps, the leapfrog scheme is used. 

Descriptions of physical and computational aspects of the model related 
to those physical processes that determine the heating and friction will be 
published separately elsewhere. The most complete documentation cur­
rently available for the radiation and photochemical processes is given in 
Schlesinger (1976) and for the boundary layer and stratus cloud processes 
in Randall (1976). The parameterization of cumulus convection is based on 
the theory proposed by Arakawa and Schubert (1974). Some computational 
problems associated with the application of the theory were discussed by 
Schubert (1973). A more complete description of this aspect of the model, 
including the more recent revisions, is now being prepared for publication. 
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